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Abstract. In this paper, we construct the solution expressions of fourth order nonlinear
difference systems

d _ (1),1,2‘}{;173
T Y, (F1 £ T, 1Py oV 3)
4 _ IIIn—Zl—‘n—B
T ST, (1 £ Py 1Y alu3)
r;1—2(1311—3

T = ,
T+ By (1 £ 1Ty 2Py 3)

where &, 6 and <y are arbitrary real numbers. Furthermore, the solution’s qualitative
behavior is explored, such as local stability and boundedness. In some cases, system
has periodic solutions. Finally, we provide numerical examples to support our conclu-
sions.

Keywords: Rational difference equations, solution of system of difference equations,
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1 Introduction

Difference equation studies, also referred to as discrete dynamical systems, is one of the
most important fields of science, that is naturally developing as discrete analogs and numer-
ical solutions to differential and delay differential equations, with applications in a variety of
fields, including the natural depiction of a discrete process. The majority of studies on non-
linear rational difference equations concentrate on examining the behavior of solutions by
offering a general form of solution. Since it might be challenging to get the solution expres-
sions, researchers occasionally turn to analyze the stability characteristics of the equilibrium
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point. Analysis of equilibrium solutions to various systems of nonlinear difference equations
has become one of the main problems in the theory of dynamical systems in recent years.
Numerous studies have been written about the systems and behavior of rational difference
equations (which can be obtained in the references).

Akrour et al. [1] have solved the following rational difference system:

aPpsty 1+ Brn1+1

n+1 — ll]n%n,1 ’
1IJ _ “%nl,bn—l + ,877071—1 +7
n+1 %ntl)n—l .

Alayachi et al. [3] have got the form of the solutions of the rational difference system:

Ywpn—1 WnXn-1 XnYn-1

Xi’l-‘rl = Yn :*:anzl n+1 — Wy, :tYnlewn_Fl — Xn_] :I:C(Jnfz.
Alotaibi et al. [4] have got the forms of the solution of the difference equation systems:

YnYan
Xn-1EYn2'

XnXn—2

Y = -
TN, Xn—2

Xn+1 =

The following difference equation was obtained the general form and studied qualitative
behavior of the solutions by Elsayed [10]
Hn—2¥p—3
Hn (il + 21 %an%n73) ‘

Hn+1l =

Elsayed et al. [15] obtained the solutions and investigated the qualitative behavior of the
system of rational difference equations:

o = K1 Wy-1Pn—1
41 =
! ¢n—1 + lpn—l + wy_1 ’
Prs1 = oWy —1¢Pn-1
41 =
! 477171 + lpnfl + wy1 ’
4 _ _
Wpig = 3¢n 11Pn 1

¢n—1 + lpn—l + Wy '

Giimiis and Abo-Zeid [17] investigated the behavior of positive solutions of the system
of rational difference equations:

2 2
X, “1%71

B+ rPn2’ P = B1+ 11302
Okumus and Soykan [23] studied the boundedness, persistence and periodicity of the

positive solutions and investigated the dynamics of the positive equilibrium points of the
system of difference equations:

Ap+1 =

Xn-1 Y—] Wy—1
Xn+1:A+ (Zn s Yn+1:A+ :)n s wi’l+1:A+ Ynn .

The purpose of this article is to determine the solution expressions and investigate the
behavior of solutions for nonlinear rational difference systems of order four
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d _ an—Z\Pn—B
T Y, (1 £, 1Py ¥Pa3)
‘Pn72rn73
Y, = , 1
L T, (21 £ Py ¥y aln3) M)
T, o®,
Tpiq = n—27n-3 n=0,1,2,..

Y+ q)n(:tl + ‘Ijn—lranq)n*E’;) ’

where the initial conditions ®_3, ®_,, ®_1, Py, Y 3, Y -, Y_1,¥9, 3,1 _5,T_1 and Iy are
nonzero real numbers.

2 Main results

Assume I, Iy and Ir are any intervals of real numbers and f : I3 X i x 2 — Iop, ¢ :
Ig, X I%, X I% — Iy, h : IS’D X Ifi, X I%’ — It are continuously differentiable functions. Then
for each initial condition (®;, ¥;,T;) € Ip X Iy x Ir for i € {—3,—2,—1,0}, the system of
difference equations:

q)nJrl = f(q)n/ CI311711 q)n—Zz CI311—3/lifnrIIInfl/lIIn—Z/lIIn—S/ Fnr rnflr rn—Zz rn—3)/
Yop1 = 8(Pu, Pre1, P2, 3, Y0, Y1, Y2, Y3, T, Tuot, T2, Ti3),
1—'n—&-l - h(q)n/ (I)n—lr ®Tl72/ (I)nf?n"Fn/‘Fn—l/‘anZ/‘Fn%%/ rn/ 1—'n—lz 1—‘an/ rn73)/

has a unique solution {®,, ¥,,, T}, 5.

Definition 2.1. A point (&D, ;I’, ,_F) is said to be an equilibrium point of (1) if

are satisfied.

Definition 2.2. Assume that (&D,;I’, 1:) is a fixed point of (1) .
@) (&D,;{’, I_") is said to be stable if for every € > 0, there exists § > 0 such that, for every initial
condition (®;,¥;,T;) € Ip X Iy x It for i € {—3,-2,—1,0} if
0 o
Y (@, ¥, 1) - (D,%,T)
i=—3

<é= H(an/‘Fn,Tn) - (CD,‘Y,F)H <eg, forall n>0.

(ii) (&D, ¥, 1:) is said to be unstable if it is not stable.

(iii) (&D, ¥, l_”) is called asymptotically stable if there exists v > 0 such that

0 _
Y (9, ¥, 1) — (@,%,T)
i=—3

< ’YI (®I’l/‘Fn/ Fn) — ((i),:lf, 1:) as n — oQ.
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(iv) (&D,:I’, l_”) is called global attractor if (®,, ¥,,I'y) — (q_D,:I’,l:) as n — oo.

(v) (&D, ¥, f) is called globally asymptotically stable if it is a global attractor and stable.

Theorem 2.3. Assume that (9,1, VY11, Tni1) = F(Py, ¥y, Tn),n = 0,1, ..., is a system of differ-

ence equations where F is continuously differentiable on open neighborhood H C R"*! and (&D,:I’, T)
is a fixed point of F then

(1) If all eigenvalues of the Jacobian matrix [r at equilibrium point (&D,:F, I_") lie inside the unit disk
ie. |Aj| <1 then (iD,:I’,Ii) is locally asymptotically stable.

(2) If at least one eigenvalue at equilibrium point (®,¥,T) outside the unit disk, then (&D,:I’,l:) is
unstable.

3 First case

In this section, we investigate the behavior of the solutions of the following system of
difference equations

P _ ®n72‘{f7173
T A Y, (14 T P2 ¥s)
‘Pn—Zrn—3
Yo = ) 2
T ST, (1+ @y 1% 2T 3) @
rn—ZCI)n—S

T = , n=2012,..,
T @, (14 Y1l 2Py 3)

and we take a special case « = 6 = y = 0, in (2) to get explicit formulations for the solutions
of the following system of difference equations

P _ q)anTnfTv
T, (14T @2 ¥s)
‘anzrnf?)
Y = , 3
T T (1+ ®p1¥aalus) )
rn—Zq)n—B

T = , n=0,1,2,..
T 9,14+ ¥ 1T, 2P, 3)

where the initial conditions ®_3, ®_,, ®_1, Py, Y 3, Y _», ¥Y_1,¥9, 3,1 _5,T_1 and Ty are
nonzero real numbers.

3.1 Stability of equilibrium point
In this subsection, we study the stability of critical point O = (0,0,0) of the system (2).
Theorem 3.1. The equilibrium point O is locally asymptotically stable.
Proof. To investigate the stability of the equilibrium point O, we assume
Xﬂ = q)n—3/ YI’Z = CDH—ZI Zn = ¢1171/
un = 15Fn—3/ Vn = 1F71—2/ Wn - "anl,
P, = rn—3/ Qn = Fn—?./ Ry = 1—‘n—l,
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then the system (2) can be written as

Xn+1 Yn
Y, Zn
n+1
Z P
n+1 Yl’l uﬂ
D, 11 (a+¥n (14+R, Yy Uy))
unJrl Vn
Vi _ Wi
Wt = ¥, . 4)
VP,
Yoi1 Gt ZaVa )
Pn+1 Qn
Qn+1 Rn
Ryt Ly
]__'n+1 Qn Xn

("/+CI)" (1+Wn Qn Xn))

The Jacobian matrix of (4) is given by

o1 0 0 0 00 0 0 0 0 O
o0 1 0 0 0 0 0 0 0 0 O
o0 01 0 0 0 0 0O 0 0 O
00 AL 0 0 A 0 0 A3 0 0 Ay O
o0 00 01 0 0 0 0 0 O
p—| 0 0 00 00 10 00 00
F=f o oo o oo 0o 1.0 0 0 0|
0 0 B 0 0 B, 0 0 B3 0 0 By
o0 00 0O 00O 0 0 1 0 0
o0 0 0 0 0 0 0 0 0 1 0
o0 00 0 00O 0 0 0 0 1
CC 0 0 GG 0 0 C 0 0 Cq 0 0
where
A= all, + ¥, U, A= aY, +¥,Y,
(6 4+ ¥, (14 R, Y, Uy,))* (& 4+ ¥, (1+ R, Y, Uy,))*
Ay — ~Y, U, — R, Y2U? A, = —¥,Y2U?
(6 +¥,(1+ R,Y,Uy))? (& + ¥, (14 R, Y, U,))?
_ —T, Vi P; - 0P, + TP,
(6 +T,(1+ Z,V,Py))* (6 +Tp(14 Z, VP, )
SV + TV, ~V, Py — Z,V?P2?
— 7 4 — 7
(64 Tu(1+ Z,ViPy))? (04 Tu(1+ Z,VuPy))?
C = 7Qut Qs Cy =~ QX = WaQiX]
(7 + D (1 + WaQuXy))? (7 + ©u(1+ WaQuXy))?
—®, Q5 Xz 71X + P Xe

P QX)) (4 @1+ WaQu X))

If we evaluate the Jacobian matrix about the equilibrium point O, we get all eigenvalues
|Ail = 0,i = 1,2,..,12. So, all eigenvalues are inside the unit disk. Therefor Theorem 1
ensures that the origin is locally asymptotically stable. O
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3.2 On solution of system (3)
In this subsection, we obtain the solution of system (3).
Theorem 3.2. Assume {®,, ¥, [}, 5 is a solution of system (3). Then for n=0,1,2,...,

n—1

T (1 G0+ 1) mfiga) (1+ () padans)
T (1 G0 moica) 1+ (i 2) )

2 TT (14 (31) Bodure) (1+ (3 +2) Gaep)
e 11+ (31 2) Botams) 1+ (314 1) )

m }:r{) (1+ (3i +2) Qompa) (1+ (3i +1) y1Paga)
e T (1 Gi+ 1) Gomb) 1+ G+ 3) mfds)
o oTL (1+ (i + 1) mpada) (1+ (i +3) frdar)

= = ,

IT (1+ (3i+3) 70B182) (1+ (3i +2) B1Gar3)

n—
i=0

nzﬁJg: (1+ (31 +3) foZam) (1 + (3i +2) Z172s)

D1 = — ,
Bo (1 + C112B3) I;IO (1+ (Bi+2) BoGinz) (1 + (3i +4) C1112B3)

Com (L4 m1B203) (1 + (3i +2) o B2) (1 + (3i +4) 11B203)

CI)611+2 = :1 ’
Z5 (1 + ComiPB2) 13 (14 (3i +4) Com1B2) (14 (3i +3) 171 8203)
BT (1-+ (3i-+ 1) Bodune) 1+ (31) Cuaf)
Yo 3 = ni: ,
H (1+ (34) Bodar2) (1 -+ (3i +2) o)
B2 TT (1-+ (30) o) (1-+ (31-+2) o)
Yen—2 = ’

1 (14 (3 +2) Zompa) (1+ (3i +1) mfads)

1=

o

B1 ljo (1+ (3i +2) 70B1l2) (1 + (3i +1) Brlana)
T (1 i+ 1) mida) (1 Gi+3) pitoms)

Yen—1 =
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Bo HO (1+ (Bi+1) Bogin2) (1 + (3i+3) Ca12P3)

Yen = e ’
T (1+ (31-+ 3) fodure) (1+ (3i +2) Cafa)
Bata T (1+ (31 3) S fa) (1+ (3 +2) 13 ada)

Yeni1 = ,
Co(1+ ﬂ1ﬁ2§3) [ (1 + (i +2) GomB2) (1 + (3i +4) 11p203)
nop1 (1 + 5152'73) T (14 (3i+2) nop182) (1 + (3i +4) B1lana)

Yenio = O

13 (1+10B152) EI (1+ (3i+4)noB182) (1 + (3i +3) B14273) ,

11 (1 + (3i +1) Corm1B2) (1 + (3i) 11B203)

i=0
Len3=——

I (14 (30) Gomp) 1+ (i + 2 mpada)

Cznﬁl (1+ (30) oPaZa) (1 + (3i +2) BrZans)

Ten—o = — ’
[I (14 (3i+2) noP142) (14 (3i + 1) B1an3)
a’fnol (1+ (3i +2) foZara) (1+ (3i +1) Cuas)
Ten—1= nz_: /
IT (1-+ (3i-+1) Bodun) (1 31+ 3) Gaap)
o Ho (14 (31 +1) Gon1B2) (14 (3i +3) 171 8203)
rén — nl ’
IT (1-+ (31-+3) Qompe) (1.+ 31+ 2 yapada)
62’73 (1 + (3 +3) n0p182) (1 + (3i+2) B1on3)
leni1 =

o (1+ Brlas) TI (1 + (31 +2) 70B142) (1 + (3i +4) ﬁ152’73)’

i=0

Bol1 (1 + 51’72/33) (1 + (31 +2) BoCa12) (1 + (3i +4) C11723)
Tenio = =0 ,
B (1+ Boduna) T1 (1+ (3i +4) Boduna) (1+ (31 +3) Crrpa)

i=0

where ®_3 =13, P2 =1, P 1 =11, Po=10,Y3=03Y2=p52,%Y1=01,%Y =po, 3=
(3, T 2 =021 ="0Cyand Ty = {p.
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Proof. By using mathematical induction we will prove that the solution is true. First, for n=0
the result holds. Second, we suppose that n > 0 and our assumption holds for n — 1, that is;

B TT (14 (3i+1) goPaZa) (1 + (30) prlans)

g9 = i:O ’
IT (1+ (31) poface) (1 + (3 +2) o)
nz’hj (1+ (3) BoZu) (1 + (3i +2) T1j2s)
Dgy g = ——

n—2

TT (1 (3 +2) Bolu) (1+ (3 +1) Cimpa)

i=0

m'ﬁj (1+ (3i +2) o) (1 + (3i + 1) 11 aCa)
T (14 (31 1) Qo) (1+ (i +3) 1 ado)

D7 =

4

2

no’fgo (1+ (3i+1) 70Bra) (1 + (3i +3) f1{o7)

Den—6 = —— p
IT (1-+ (i +3) mpida) (1+ (i +2) frgars)
mﬁJﬁj (1+ (3i +3) foduna) (1+ (3 +2) Caas)
Dgp_5 = = ,

Bo (1+ C12B3) ni[j (14 (3i+2) BoGan2) (14 (3i +4) C112P3)

Comn (1 +mp2ls) nﬁz (14 (3i+2) ComP2) (1+ (3i+4) 11B203)

1=

Dgyg = = ’
s (1+ ComiB2) Hj (1+ (3i+4) ComPB2) (1 + (3i +3) 11B203)
oL (1+ (3 +1) fodare) (1 + (3) Cuafe)

Yen9=— — ,

1j02 (14 (31) BoZara) (1 + (3i +2) Cumas)

52’%1; (1+ (30) Qo Ba) (1 + (3i +2) 1 ads)
Fon-s = —— ,
TT (1+ (3i +2) Gompa) (1+ (3 + 1) 11 als)

i=0

BT (1-+ i+ 2) oada) (1 31+ 1) Brdans)
n—2

T (0 Gi+ ) mofaga) (1 (30-+3) fudam)

Yon—7 =
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Bo Ijo (1+ (3i +1) Bogarp2) (1 + (3i +3) 1172PB3)

Yen6 = ,
( + (3i +3) Bog112) (1 + (3i +2) Cam2P3)

\|;:|N

ﬁz&j{[j (14 (3i+3) ComiB2) (1 + (3i +2) 1711B203)

‘.F6n75 — h_ s
2o (1+ mpals) n (1+ (3i+2) Compa) (1+ (3i +4) y1Bala)

o (1+ fada) TT (14 (31 2) mopada) (1+ (3 +4) o)
2

75 (L n0rda) T1 (1+ (3 +4) noprda) (1+ (3i +3) padans) /

=0

{3 H (14 (Bi+1) Zom1B2) (1 + (3i) 118203)

i=0

T (14 (30) Compa) (1+ (i +2) yapads)

i=0

gz’fnj (1+ (30) oPaa) (1 + (3i +2) BrZans)
Ten—s = -—— = ,
H2 (14 (Bi +2) noB182) (1 + (3i + 1) B1l213)

i=0

01 H (1+ (3i +2) Bogan2) (1 + (3i +1) {177283)

i=0
1—‘6nf7 n_2

IT (14 (3i+1) BoGan2) (1 + (3i +3) C1172Bs3) ’

=0

o H (1+ (3i+1) GompPa) (1 + (3i +3) 7118203)

[T (1+ (3i+3) GomPa) (1 + (3i +2) 11B203) ,

i=0

Con3 H (1+ (3i+3) n0B182) (1 + (3i +2) B182173)

1_

1o (1+ [31@2773) (1 + (31 +2) oP182) (1+ (3i +4) 5152773)’

=0

Fen—s5=

Bods (1+ Tiafs)” j(l (3 +2) ofuga) (1+ (3i +4) TrpaPs)
Ten—a = ,
B3 (1+ 50€1772) 2 (14 (3i +4) Bol172) (1 + (3i +3) C117283)

i=0

Now, from system (3) we have

D3 =

Doy—6Y6n—7
Yon—a (14 Ten—rs5Pon—6Yen—7)
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n—2 n—2
o I'T (A+(3i+1)m08122) (1+(3i+3) B1a113) B T (1+(3i+2)30B122) (1+(3i+1)B12a13)
=0 i—0
n:2 niz
[T (1+Bi+3)10B182) (1+(3i+2)B182173) [T +Gi+1)10B122) (1+(3i+3)Bra13)
i=0 i=0
n—2
0B (1+B182m3) [T (1+(3i+2)10B122) (1+(3i+4) B1Z2713)
i=0
n—2
13(1+n0p122) TT (1+(3i+4)n0B122) (1+(3i+3)B18a13)
i=0
_ 0o -
Qs [T (14(3i+3)10102) (14(3i+2) B13a713)
1+ Lo
n—2
no(1+B182n3) [T (1+(3i+2)n0B182) (1+(3i+4)B18213)
i=0
n—2
o I T (1+(3i+1)n0B182) (1+(3i+3) B182773)
=0
nl—2
IT (1+3i+3)n0B122) (1+(3i+2) B12113)
i=0
n—2
B IT (1+Bi+2)10B182) (1+(3i+1)B1o173)
=0
nLZ
[T (1+Git1)0p122) (1+(3i43) Brdarya)
L i=0 n
n—2
[T (+Gi+1)12213)
=0
n—2 l
[T 1+3i+3)n0122) (1+(3i+2)B182173)
i=0
n—2 n—2
(1+B122m3) TT (1+(3i+4)B122m) prians [T (1+Gi+1)122s)
i=0 i=0
n—2 1_+ n—2
13(14+n0prZ2) [T (1+(3i+4)n0B122) (1+(3i+3)B18a13) (1+B18ans) I T (1+(3i+4)B12a13)
i=0 i=0
n—2
1(1+noBrg2) [T (1+Bi+4)n0p182) (1+(3i+3)p12713)
=0
n—2 :
IT (1+Gi+3)n0p122) (1+(3i+2) 122173)
i=0
n—2 n—2
(1+B122m3) [T (1+(3i+4)B12213) Bilans [ [ (14(3i+1)B1gar3)
i=0 1 + i=0
n—2 n—2
[T +@i+1)B1213) (1+B122m3) [T (1+(3i+4)B12273)
=0 i=0
n—2
m(1+10B12) [T (1+(3i-+4)m0B182) (1+(3i+3)B182773)
i—0
n—2 l
[T (+3i+3)10B122) (1+(3i+2) B122113)
i=0

4
(14 (3n —2) B102y3) [1 + mmﬂ%}
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n—2
n3(1+n0pr122) IT (1+(Bi+4)n0P122) (1+(3i+3)12213)

i=0

n—2
I'T (1+Gi+3)n0122) (1+(3i+2) 122113)
i=0

(1+ (3n —2) B18onz + P1G273)

n—2

73 (1 +10B102) I:—[O (1+ (3i+4) nop182) (1 + (3i + 3) B18213)
(1+ (31— 1) B1Zas) n (14 (3i +3) noada) (1 + (3i +2) prdans)

Hence, we can get

T (14 (3 1) mopada) (1+ (30) frdare)
n—1

[T (1+ (3i) nop182) (1 + (3i +2) B18ana) |

i=0

CI)61173 =

Also, we see that from system (3)

Yon—6l'6n—7
Ton—a (1 4+ Pon—5¥6n—6l'6n—7)

Yon-3 =

n—2 n—2
Bo T (1+(3i+1)BoZr2) (1+(3i+3)C11723) o T 1+ (3i42) Bolanz) (1+(3i+1)Z117283)
i—0 =0
n12 11172
[T (1+(3i+3)Bog172) (14(3i+2)51772B3) [T (1+(3i+1)Bog1n2) (14(3i+3) 5117283
i=0 i=0
n—2
BoZ1(1+21m2B3) [T (1+(3i+2)Bod1m2) (1+(3i+4)Z17723)
i=0
n—2
Bs(1+BoZam2) [T (1+(3i+4)BoZam2) (1+(3i+3)C1172B3)

i=0
_ o -

m2Bs TT (1+(3i+3)Bol12) (1+(3i+2)Z1172B3)
1 + i=0
n—2

Bo(1+21m2B3) T T (1+(3i+2)BoZ112) (1+(3i+4)1172B3)
i=0

n—2
Bo [T (1+(3i+1)Bol12) (1+(3i+3)L1172B3)
i—0
n12
I'T (1+3i+3)Bogim2) (1+(3i+2)C1172B3)
i=0
n—2
o TT (1+(3i+2)Bogim2) (1+(3i+1)Z1772B3)
i=0
111—2
IT (1+@Bi+1)Bogu) (1+(3i+3)117283)
L i=0 _
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n—2
[T +@i+1)z1m2B85)
i=0
n—2
I'T (1+3i+3)Bogim2) (1+(3i+2)Z1172B3)
i=0
n—2 n—2
(1+112B3) T T (1+(3i+4)Z11m2P3) ZimaBs [T (14 Bi+1)Z1172B3)
i=0 i=0
n—2 1 + n—2
B3(1+Bol1n2) T T (1+(3i+4)BoZin2) (1+(3i+3)112B3) (1+112B3) [ T (1+(3i+4)Z11m2P3)
i=0 i=0
n—2
Bs(1+Bog1m2) [T (1+(3i+4)BoZ172) (14(3i+3)1172B3)
i=0
n—2
I'T (1+3i+3)Bog1m2) (1+(3i+2)C117283)
i=0
n—2 n—2
(1+2112B3) H (1+(3i+4)C177283) C112B3 H (1+(3i+1)C17285)
n—2 = T+ l:r(z)—Z
[T (+@i+1)51m283) (1+1m2p3) [T (1+(3i+4)51772P3)
i=0 i=0
n—2
Ba(1+Bol1m2) [T (1+(3i+4)BoZ172) (14 (3i+3)Z112B3)
i=0
n—2
[T (1+(3i+3)Bogim2) (1+(3i+2)Z11283)
B i=0
N Z
(1 + (31’1 - 2) glrlZﬁS) [1 + (1-&-(3111—17—;/)551;72‘83)]
n—2
Bs(1+BoZam2) [T (1+(3i+4)Bolan2) (1+(3i+3)C1172B3)
=0
n—2
I'T (1+Gi+3)Bog1m2) (1+(3i+2)112B3)
B i=0
(14 (31 —2) Z1112B3 + L117283)
n—2
Bs (1 + Boli12) 1:[0 (14 (3i+4) BoGin2) (1 + (3i +3) C1172P3)
- — n—2
(1+ (3n—1) g1112B3) 1_[0 (1+ (31 +3) Bogan2) (1 + (3i +2) Ca12P3)

Thus, we obtain

n—1

BsT1 (1+ (3i+1) BoGirz) (14 (3) Cat2Ps)

T (14 (30) Bofun) (1 + (33 +2) Camafs)

=0

Yen—3 =

Furthermore, we have from system (3)

Fen—6Pen—7
Dgy—4(1 + Yen—s5T6n—6Pen—7)

Fen3 =
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n—2

2o I'T A+ (3i+1)Zom1 B2) (1+(3i+3)171B203)

i=0

n—2

i=0

m T (14+Gi+2)5om B2) (14 (3i+1)11p285)

n—2 n—2
[T (1+Gi+3)Gom B2) (1+(3i+2)1m Bags) [T (1+Gi+1)gomBa) (1+(3i43)11B283)
i=0 i=0
n—2
Zom (14+mBags) T T (14+(Bi+2)Zom1 B2) (1+(3i+4) 71 8283)
i=0
n—2
Zs(1+CompBa) [T (1+Bi+4)Zomi B2) (1+(3i+3) 71 8283)
i=0
_ 0o .
B20s T T (1+Bi+3)Gom B2) (1+(3i+2)11 B2G3)
1+ i=0
n—2
Zo(14+mp2zs) [T (1+(Bi+2)Zon1 B2) (1+(3i+4)m1 B2L3)
i=0
n—2
go [T (1+Bi+1)¢om1B2) (1+(3i+3) 1 B2d3)
=0
nl—2
[T (1+3i+3)Zom B2) (1+(3i+2)mfals)
i=0
n—2
m [T (143i+2)om B2) (1+(3i+1)m ads)
=0
n172
I'T (+Gi+1)ZomB2) (1+(3i+3)11B2l3)
L i=0 J
n—2
[T A+Gi+1)mBais)
=0
n—2 l
I'T (1+3Bi+3)Zom B2) (1+(3i+2)11B2L3)
i=0
n—2 n—2
(1+mpags) [T (1+(Bi+4)m1B283) mp2ls [T (1+Bi+1)mpals)
i=0 i=0
n—2 1 + n—2
03(1+gomPB2) T (1+(3i+4)Zomi B2) (1+(3i+3)111B283) Zo(14+mpB2s) [T (1+(3i+4)m1pals)
i=0 i=0
n—2
Ta(1+omB2) [T (1+(3i-+4)Zom B2) (1+(3i+3)11 B2l3)
i=0
n—2 :
IT (1+3i+3)Zom B2) (1+(3i+2)11 B2L3)
i—0
n—2 n—2
(14+mB2gs) [T (1+(Bi+4)mB22s) mBags [ 1 (1+Bi+1)mB203)
i=0 1 + i=0
n-2 n—2
[T +@i+1)mpBags) (1+mB22s) [T (1+(3i+4)mBals)
i=0 i=0
n—2

Z3(1+ZomB2) T T (1+(3i+4)Z0m B2) (1+(3i+3)11 P233)

i=0

n—2

[T (1+Gi+3)ZomB2) (1+(3i+2)1m1 B2l3)

i=0

4
(14 (8n —2) 11B8283) [1 + MW
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n—2
Z3(1+20mB2) T (1+(3i+4)Z0m B2) (1+(3i+3)112L3)
i=0

n—2

[T (1+(3i+3)Zom B2) (1+(3i+2) 11 B2ds)

i=0

(14 (8n —2) m1B2l3 + 11B203)
n—2

3 (1+ Comipa) 1;% (14 (3i+4) ComP2) (1 + (3i +3) 1118203)

(14 (3n —1) mpals) nljs (14 (3i +3) ompBa) (1 + (3i +2) 11B2gs)

Then, we have

ga’fnol (1+ (3i +1) QoyaBa) (1 + (30) m1als)

n—1

TT (14 (3i) Zompa) (1 + (33 +2) mpals)

i=0

Fen3 =

In the same way, other expressions can be investigated.

3.3 Boundedness of the Solution

In this subsection, we demonstrate that the positive solutions of system (3) are bounded.
Lemma 3.3. Every positive solution of system (3) is bounded and converges to zero.

Proof. System (3) shows that

P o q)n—21fn—3 < q)n—ZTn—3 < 1
n+1 — =~ =~ 7
Y, (1 + anlq)n—zqfn—B) 1"”71@”_2‘{’”_3 1—‘nfl
‘Yn72rn73 ‘Fn72rn73 1
b4 = < < ,
el rn (1 +q)n—1\Pn72rn73) o q)n—lTananS o q)n—l
I‘n—Zq)n—3 < rn—Zq)n—3 < 1

T = .
T, (14 Yaly 2P 3) ~ Ypiln 2@y 3~ ¥u1

We conclude that

1 1 1
D1 < T ;o Y < ) and T4 < v

n—1 n—1 n—1
So, for k =1,2,..., we can get

1 1 1 1

(Dn+1 <

1 1 1 1
Py < <%, 2< P STy < ¥ <Py <. < BNV
n n—4 n—=8 ((Dn—6k+2)
1 1 1 1
Bpi3< —— <¥y 1< —— <5< o <Pyg< . < E—
Tnia Pn-3 Yoz (@ygr13) "
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1 1 1 1
Dy < <V¥,< <T,_4< <P, g< . < ,
B T T <®n76k+4)(71)(k+1)
o < L <Y < ! <T < L <o <..< 1
n+5 > rn+3 > Intl > chfl >1n-3 2= ‘Fn—S >~ Yn-7 > = (®n76k+5)(71)<k+1)’
o < ! <Y < L <T < 1 <o <..< 1
n+6 rn+4 > Iny2 > q)n >1ln-2 > Tn—4 = -6 X e (@n76k+6)(71)(k+1) .

And so on. Similarly, for the sequences ¥, 1 and I',;1, this implies that the subsequences
{q)6n—3}21::0 ’ {q)6n—020}:lozo s {q)6nfolo}zozo s {q)6n }OZ:() ’ {q>6n+1 };l.o:(goz {q>6n+2}:):ooo/ {‘P6n—3};o:og ’ {‘Pén—z l.;o:o ’
{‘Y671—1}n:0 ’ {‘P6”}n:0 ’ {T6H+1}n:0 ’ {\P6”+2}n:0 and {r6”*3}n:0 ’ {r6n*2}n:0 ’ {r671—1}n:0 ’ {r6n}n:0 ’
{Ten+t1},.o are decreasing and so are bounded from above by

quaX = max{®*3/ (D72/ q)—llq)()}/
‘Pmax = maX{XF,:’,,\F,Z,\F_l,‘PO},

and
Imax = max{]‘—‘*?)/ I T4, FO}-

O

In the following cases, we will obtain the solution expressions when we take « =6 = ¢ =
0, in (1).
4 Second case

In this section, we get the solution expressions of the following system of difference
equations

d _ q)n—ZTn—B
T, (1 - Ty ®aa¥s)
1Ifn—2rn—3
Y = , 5
T T (= @y 1 2Ty o) ©
ranq)nfB»

n=2012,..

F - 7
TR, (1= ¥y 1T, 2®Py3)

where the initial conditions ®_3, ®_,, ®_1, Py, Y _3,Y_», ¥Y_1,¥9, 3,1 _5,T_1 and Ty are
nonzero real numbers.

Theorem 4.1. Assume {®,,¥,, 1”,1}20273 is a solution of system (5). Then for n=0,1,2,...,

ng’fn: (1— (Gi+ 1) goPrza) (1 — (3i) Brlans)
Dgp—3 = nl_: ,
T (1 (3) mofrda) (1~ (3 +2) 1)
1 TT (1 - (30) BoZua) (1 — (30 +2) Cuafs)
D2 = n_ll:O ,

IT (1= (3i+2) Bolin2) (1 — (3i+1) G17723)

i=0
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m I—% (1= (Bi+2)gompPa) (1 — (3i+1)11B203)
CI36;171 - .

n—1

TT (1= (34 1) Lompa) (L — (i +3) mpas)

i=0

B TL (1= (3i+1) goPrZa) (1 — (3i +3) frarps)

o i=0
cI>6n - T

IT (1 —(3i+43)n0P182) (1 — (3i +2) B14213) ’

i=0

’7253 3 (1 — (81 +3) Bolim2) (1 — (3i +2) 11723)

D1 = — ’
Bo (1= umap) T (1= (3i+2) o) (1— (31-+ 4) Cunaf)
Com (1= apada) TL (1= (31+2) Qo) (1- 31+ ) mpade)

- tomfe) 1_11 (1= (3i+4) omBa) (1 — (i +3) mpads)

B go (1= (3i+1) Bodur2) (1 = (31) GaaBs)
e T (- i) pudum) (1= @i+ 2 )
B2 TL (1 (30) dompa) (1 - (31 + 2 yapata)
s T (- Gi+2) Comb) (1= @i+ 1) mpals)
BiTL (1 (30 +2) mida) (1 (31-+ 1) prdare)
R T (- G+ 1) iz (1 G0 +3) i)
/sono (1= (3i+1) Bofarz) (1 — (3i +3) i)
e T (- (3i+3) fudu) (1= Gi+ 2 C)
ﬁzésnfl (1— (30 +3) GoraBa) (1 — (3i +2) 11 pals)

Your1 = ’
fo (1= mpae) TT (1= (3i-+2) Gunpa) (1~ (30 +4) 1 ada)
noBr (1 — B1ana) TL (1 — (3i+2) ofaa) (1 — (3i +4) PrLao)

Foni2 = =

73 (1— 770!3162) (1 — (Bi+4)nop102) (1 = (3i 4 3) B10a13) ’
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G TT (1 - (3i+1) Qomipa) (1 (30) 11 fals)

P
o T (- @i combe) (1~ Gi+ 2 mpots)
z;z’:[[: (1= (31) noprga) (1 = (3i +2) B1las)
o E: (1—(Bi+2)nop1g2) (1 — (3i+1) /51@2’73)’
6T (1= (312) fudare) (1= (3 +1) o)
o TH: (1—(3i+1)Bol1n2) (1 — (3i +3) {1172P3) |
gojlj: (1= (3i +1) Zoy12) (1~ (3i +3) paga)
o 1:[_[: (1= (3i+3) CompP2) (1 — (3i +2) 111B203) /
62173:[1:[: (1— (3i +3) 0p122) (1 — (3i +2) B1a73)
o 1o (1= B1dara) [I: (1= (3i+2) noP182) (1 — (3i +4) B12713)
ne1
Tont2 = 0

Ba (1= Bolu) T (1= (3i+4) Bofuna) (1= (3 +3) Cuafa)

Bol (1= Cupafs) T1 (1= (31 +2) Poduna) (1= (31 +4) Guiaps)
—1
0
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where ®_3 =13, P20 =12, P_1 =11, Po =10, Y3 =3, Y2 =P, Y1 =p1, Y0 =Po, T3 =

03, T 2 =00T_1=0C1and Ty = {p.

Proof. The same procedures used to demonstrate Theorem 3 can be utilized here.

5 Third case

O]

In this section, we obtain specific expressions of the solutions of the following system of

difference equations

®n+l _ q)n—Z\Fn—3 ,
Tn (_1 + ]-—‘1171@1’1—21{}-11—3)
‘Fn+1 _ ‘anZanS ,
rn (_1 + cbnfllljn—Zrn—B)
Iy 2®y3

T = ,
T D, (—1+ ¥ 1T, 2Py 3)

n=0,12,..,

(6)

where the initial conditions ®_3, ®_,, ®_1, Py, Y 3, Y _», ¥Y_1,¥9, 3,1 _5,T_1 and Ty are

nonzero real numbers.
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Theorem 5.1. Assume {®,, ¥, Tn},_ 5 is a solution of system (6). Then every solution of system

(6) is periodic with period 12, which takes the following form:

where ®_3 =113, P2 =12, P_1 =11, Qo =10, Y3 = B3, Y2 = B2, Y1 = B1, Y0 = Po, T3 =

DPion—3 =13, DProan—2 =12,
Dippt1 = 1263
" Bo (—1+ 1m2p3)’

DPiony3 =13 (=14 10B102),

Piopts5 = S | —
" (=1+ Zomp2)’
@ ~ B3 (=1 + Bolan2)
12n+7 —

Bo (—1+Cimaps)

Yi2n-3 = B3, Y12 = B2,
Yion+1 = Pata
T Lo (F1+mpBals)’

Yiont3 = B3 (—1+ Bolan2),

_ p1
Yion4s5 = BT
Vipiy = B2l3 (—1+ o1 B2)

 Qo(—14+mpBais) ’

Fon-3=70a3, Timo2=20,

Ca13
o (=1 + B1Gans)’

Topy =

Ti2nt3 = 03 (=1 + CompB2),

Tonts = S S
" (=14 Bolun2)’

Comz (=14 10pB102)

r n - ’
T 0 (<1 Brloms)

03, T2 =100T_1=_and Ty = (p.

D1 =11,  DPianw =10,

_ Gom (=1+mpags)
T G (T omp)

Diopig = S R
! (=1+C1mps)’

P1onte = 1o (—1+ B1l213) ,

DPiontg = ol
" L3 (—1+ CompB2)’
Y201 =B1, Yiz2x = Bo,
g, ., = TP (=1+Pilans)
" s (14 opala)
B2
Yionis = ————5—,
L s oy

Yi2n46 = Bo (—1+ C112B3) ,

Yi2n48 = o1
" 13 (=1 +n0B182)’
Iow—1 =101, T2y = Co,
r _ Bol1 (=1 + C11m283)
12042 =

B3 (=1 + BoGin2)

Tonta = S+ S
" (—1+ B1lana)’

Tionte = Qo (=1 +m1B203),

Bol1
—1+ BoCin2)’

Iopyg = B (
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Proof. For n = 0 the result holds. Now suppose that n > 0 and our assumption holds for
n — 1, that is;

Dion—15 =13, Prop—14 =12, DPion—13 =11, Prou-12 =10,

By 1 = 12B3 @y, = (14 mpads)
Bo (=1 +C112P3) g3 (=1 + Compa)
Pi2n—9 = 113 (=1 +10p102)., DPion-5 = (_14;751172[33)
DPran-7 = (—14:7510171&) Pi2n—6 = 10 (=14 P1lara) ,
_ 12P3 (=14 Poluip2) _ Zomn

D5 = Bo(—1+ C1naf3) Pran-s = 03 (=14 CompB2)’

Yi2n—15 = B3, Yi2n—14 = B2, Yion—13 = B1,  Yi2n—12 = Po,

¥ _ B2l ¥ _ 1Mopr (=1 + B1dons)
1201 FT BT 210 = S T BT)
Yi21—9 = B3 (=1 + Boli12), Yin-8 = M[%T;LB@’
Yion—7 = (_1""577105152)’ Yi2n—6 = ,30 (—1 + €1172ﬁ3) ’
g o BL (14 Gmpr) oy nop1
S e (1 miBads) P (— 1+ oPil2)’
F2n-15 =03, T2n-1a = 02, T20-13 = (1, T2n—12 = Co,
r _ Gatj r _ Bola (=14 Gi7pa3)
P 0 (<14 alans)’ P B (<1 + ola)
o _ 02
Ton—9 = {3 (=1+ Compz), T'2n-8 i pioan)
Fon—y = (_1_'_%051;72), Ton—6 = Co (—1+11B203),
_ Gz (=1 +noP182) _ Bol1

T10n-5 = , T4 = ,
P e (=14 Balans) AT By (<1 Bolan2)

Now, we find from system (6) that
By s — D10y 6Y120-7
" Wiy (14 T12p5P120—6Y120-7)
[0 (=1 + B1lam3)] [%]

10B _ Gana(=1+10B102) _ B
[’73(—140"72%1&)] { 1+ ;O?_l“'ﬁl%;]j 7o (=1 + P1garps) (—1+7]§),31§2)}

_ i (=1+plon3) _
[—1 4 B1l213]
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Similarly, by using the same method, we can investigate the relations

Yi2n—6l120—7
Ton—a (=1 + P124—5Y120-6T120-7)

B [Bo (=1 + C1772B3)] [(—153710@72)}
N Bog 1 mBs(=14Belim) g g
[53(*1%310@1’72)] { 1+ /230?*1+§1'32é3§ ‘BO( 1+ g1ﬂ2,53) (*1+510§1772)}

_ Bs(=1+Cimps) _ 8
[—1+ Gi172P3)] >

Also, we see that from system (6)

Yion—3 =

I'2n—6P12n—7

Tipy 5 =
123 P1op—a(—1+F120-5T120—6P120—7)
B [Co (=1 +mBals)] [(*HZW}
- 2ot Bals(—1+20mB2) » (_ 1
ottt [ B 0 (-1 mBals) e
_ G(=1+mpals) _
[—1+ o B2
Likewise,
Doy g = D12n—5F121-6
T YWiopoa (=14 TipaPron—5¥120-6)
-1
[—”éf?&&ﬁ;’f,é’ﬁ’} [Bo (=1 + C1m2p3)]
N Bol Bs(—1+Bol11)
Ps [_1 T 53(—14(1!310@1'72) Wéo?*-‘-éﬂ?zég Po (_1 * €177253)}
_ (=14 poluia) _
[—1+ Bol172]
Yoo = Yi2n—s5l120-6
" Tines (—1+ ®12p-aY¥120-5T121-6)
1
B [’%ﬁgu—%] [Co (=1 + 171B203)]
o 2o Bals(—1+Z0mB2)
O |1+ ot T G (<14 mats))
_ B2 (=1+CompB2) _ By.
[—1+ Com B
T, 5P19,—
rlZn—Z _ 12n—-5%12n—6

D12y-3(—1 4+ Yi2n—aT120-5P120—6)

[%} [0 (—1 + B1Za13)]

- 0B Ganpa(=1+10B10>)
13 [_1 + ’73(*142772)131@2) 20?*1+I510€2'173§ 1o (=1+ ’81&173)}

_ G2 (=1+1oprla)
[=1+410P102]

Other relations can be proven in the same way.

= la.
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Lemma 5.2. System (6) has aperiodic solution of period six iff (192B3 = n1P203 = ComiP2 =
70B182 = B1Gans = Boliz = 2 and { @y, ¥y, T}y 5 will take the form

n2B3 Gomn n2B3 Com }
(Dn = 7 7 7 1T 5 7~ 7 1T 5 7 > s (0
{’73 2,11, 10 Bo ' s 3,12, 11,10 Bo ' s

{,33, B2, B1, Bo, 7’82&,7707[31 3, B2, B1, Po, 'Bzgg’, 170’81 },
13 o ns
{@3, 02,01, Co, 52773,[3’251 3, 02,01, Co, €2;73, Pobr }
3 B3’

6 Fourth case

In this section, we obtain specific expressions of the solutions of the following system of
difference equations

P _ (bn—ZTn—S
T, (1T 1 ®p2¥as)
Yyoln—3
Y = , 7
T T (1= @y ¥ ol @

anZq)nfB

I = , n=0,1,2,..,
T D, (—1 =¥, 1T, 2 Py3)

where the initial conditions ®_3, ®_,, ®_1, Py, Y 3, Y o, Y_1,¥Y9, 3,1 _5,T_1 and Iy are
nonzero real numbers.

Theorem 6.1. Assume {®,, ¥, T}, _5 is a solution of system (7). Then every solution of system
(7) is periodic with period 12, which takes the following form:

Doz =13, DPiroan—2 =12,

1283
Bo (=1 —Cim2P3)’

DP1opy3 =13 (=1 —1oB182),

D1 =

Diop—1 =11,

_ m
DPioyy5 = (1= Compa)’
Brgyrr = 122 (=1 = Boluip2)
" Bo (1= imaPs)
Yion—3=pB3 Yiu-2=po,
B B203
Yion = o (=1 = mpals)’
Y1043 = B3 (=1 — Boli12),

D12 = 1o,
_ Gom (=1 —=mPBals)

D12 = 05 (=1 = ComBa)

2
(=1—=C1m2pBs3)’

Diopqs =

DPionte = o (=1 — B1lo13),

Com

Doy = T (=1 —Compa)’

Y21 =B1,  Yi2u = Po,

g, = 1P (=1 = Pilays)
T s (1= noprl2)
B2
(=1 —mpBags)’

Yionta =
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Yionts = (—1—[%77105152)' Yi2n16 = Bo (=1 — C112P3),
g, = P2 (T Bolip) oy Mop1

" Co(=1—mpags) ’ " s (1= noprl2)’
Ton—3 =103  Tino=10, Ton—1 =101, I'2n = Qo,
Tppy = Garja Tip, = P81 (21— Cinaps)

" e (1= Brlams)’ " Bs (=1 Bolamn)
Tonyz = (3 (_1 - €0771,32) ’ Topya = (_1_5‘;1@2%),
Fiongs = (_1_%0&1172)/ Ti2nte = Go (—1 —1mpPals),
Tippry = 221321 = 10P102) Tipyprs = ol

" o (<1 - Badas) " Bs (1= Bolin2)’

where ® 3 =13, P 2 =1, P_1 =11, Po=10,Y 3=03,Y2=p82Y1=p51,% =
3, T 2=0,T1=0and Ty =

Co-

Proof. We can use the same steps used to prove Theorem 5.

Bo, T3

Lemma 6.2. System (7) has aperiodic solution of period six iff (1923 = 71P203 = Con1P2
—2and {®,, ¥, Tn},_ 5 will take the form

10B182 = B182nz = Bolainz =

1283 Com

1283 Comt }

CI) {773/ 2,41, 1o, W! T/ N3, 42,11, 1o, W! ?/

{ B3, B2,

ﬁl/,BO/ %/170751 3/,82/,31/,80/ ‘52€3/ ;70‘51 }I
13 o ns
{€3/ §2/ gll gOI §2173/ lgggl 3/ €2/ 51, gO/ %, % } .
3 Bs ’

7 Fifth case

In this section, we investigate the solutions of the following difference equations system

(Dn—H =
Tn—&-l =

I‘n+1 =

D, %Y, 3

1Ifn—2rn—3

rn (1 + anflTn—Zrn—?)) ’
I—‘n—ZCI)n—B

an (1 - ‘Pnflrn—ZCDn—B) '

\Fn (1 + rn—l(panTnf?))’

n=2012,..

(8)

where the initial conditions ®_3, ®_,, ®_1, Py, Y 3, Y _», Y_1,¥9, 3,1 _5,T_1 and Ty are

nonzero real numbers.
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Theorem 7.1. Assume {®,, ¥, Fn}flo:_3 is a solution of system (8). Then for n=0,1,2,...,

2 (1+ (n+1) C112Ps3)
(14 G112B3)

Doz =13 (1+ (1) 1oP182), Dgy2 =

m (14 (n+1)CompP2)

D1 = Dey = 170 (1 + (1) B1lar3),

(1+ ComB2)
o 1P (1+(n) Polurp2) o o com (1 +(n+1)1mpags)
ot Bo(1+CimapBs) o2 s (1+ ComiBa)
¥ . B3 (1 = Bolan2) (1 + Cai2P3)
T (14 (n) GamaPs) (1+ (n = 1) Bolana) (1+ (n+1) GamaPs)’
¥, = B2 (1 + Zorp2)
T (T (m)mBags) (1+ (1) ComPz) (1+ (n+1) Compa)’
¥, = 1 (1= Brlors)
T (U (n=1) Baana) (T (1) nopada) (1+ (1) Brara)’
¥ Bo (1 — Bolar2) (1 + Ca1j2P3)
" (14 (n=1) Bolan) (1 + (n+1) GinaPa) (1+ (n) BoGum)”

¥ _ B283 (1 + Cor1B2)
T 20 (T4 (n)mpBals) 1+ (n+1) CompPa) (1 + (n +1) 11B2ls)”

Yeni2 = o1 (1 — B1lans)
13 (L+ () nop12) (1 + (n) B1ganz) (1 + (n+ 1) oB122)’

G (1+ (n—1)B1ans)

Ten—3 = {3 (14 (1) ComB2) Len—2 = 0= Brar)

Ty = S D REn) Tou = Co (1+ (1) mPaa),

r,, ., = 2B+ () npie) Ty, = P0G 0+ (n+1) Gamps)
" o (1—pilons) " Bs(1—Polim) °

where ®_3 =13, P20 =12, P_1 =11, Po =10, Y3 =P3,Y-2=P2, Y1 =p1, Y0 =Po, T3 =
03, T2 =00T_1=0C1and Ty = {p.

Proof. For n = 0 the result holds. Now suppose that n > 0 and our assumption holds for
n — 1, that is;

Dgp—9 =13 (1+ (n—1)10B102), Dy, g = 12 ((114;(5)}75;22)53),

o, , = T+ (1) Compo)
" (1+ Comp2)

Dgp6 =10 (1+ (n—1) B1lan3),
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o o 1P+ (n—1)Bolinn) o, com 1+ (n)mpags)
" Bo (1 + C172P3) ' o4 T3 (1+CompB2)

Yep o = Bs (1 — Bolai2) (1 + Ca12P3)
" (1+ (n—=1)0mB3) (1+ (n—2) Bolinz) (1 + (n) LimaBs)’

¥, = P2 (1 + ComBa)
U (4 (n=1)mBalz) (1+ (n—1) ZomBa) (1 + (1) omBa)’
¥, = 1 (1 = B1lan3)
T (U4 (n=2) Brgams) (14 (n = 1) oprla) (1 + (n — 1) Brlans)
¥, .= Bo (1 = Boluipa) (1 + Ga772P3)
P (14 (n—2) Bogama) (14 (1) Gamaps) (1 + (n — 1) Bolang2)”
¥, o= B283 (1 + Cor1B2)
" Lo (14 (n— 1) mPags) (14 (1) omPa) (1+ (1) 11B283)’

lIf6 4= 170‘31 (1 — 51§2ﬂ3)
T s (14 (n— 1) 5op182) (14 (n — 1) B1lon3) (1 + (1) 4oP122)’

G2 (1+ (n—2) B1on3)

Ten—o =3 (1+ (n—1) CompP2), Len—g = (0= Brans)
fon7 = = ELl (—nﬁ_oé)ﬂli(;gﬂm’ Ten—6 = Co (14 (n—1)mpals),
r,, s = 2B+ =1)npl) re, s = Poor (14 (1) uaps)

. o (1—pPrlans) . Bs (1= Polim2)

Now, from system (8) we see that

Dey—6Yen—7

Bp 2 —
T e s (14 T6p—5Pen—6Yen—7)
_ B1(1—B18a13)
o (1 (1= 1) Brdoms)] | e e G TR
[ 170B1(1—B182113) }
13(1+(n—1)nop182) (1+(n—1)B18ans) (1+(n)10p182)

1o(1—P182113)
B1(1—B18213)

1+ Cz'?s(l-i—(n—l)’?oﬁlCz)ﬂO (1+(n—1) 5152773) ]
(1+(n—2)B1Can3) (1+(n—1)10B1C2) (1+(n—1) B1G213)

1 B18213
[773(1+("—1)/51C2’73)(1+(”)’70ﬁ1§2)] [1 + (1+(”—2)/31Czi73)}

[’73(1+(”*1)I51§2'73)(1+(”)’7051Cz) ]
(1+(n—2)B1Can3)

[(1‘*‘(”—1)&@2773)}
(1+(n—2)B18an3)

Therefore, we can get
DPen—3 =173 (1 + (1) 0p102) -
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Also, it follows from system (8) that

Yo, 5= Yen—6l'6n—7
" Ten—a (14 Pen—5¥en—6len—7)
{ Bo(1—Bol112) (1+C117283) } [§1(1+(n*2)l30€1’72)}
(1+(n—2)Bol112) (1+(n)C12B3) (1+(n—1) Bol172) (1—Bol1m2)

Bo(1+C1172PB3) (1—BoC112)
Bo(1—BoG112) (1+C111283)

BoG1 (1+(1n)C1172B5)
[ } (1+(n—=2)Bol112) (1+(n)C112B3) (1+(n—1) Bol1772)

Bs(1—Bol112)

1+ 112B3(1+(n—1)Bol112) G1(1+(n—2)Bo172) ]

{ (1+¢1772B3) ]
(1+(n)C11m2B3) (1+(n—1)BoGa1712)

= TA+(m)2ps) Cin2B
[ Ba(=Foters) ] [1 + (1+(i>§152ﬁ3>}

[ B3(1—Bol112) (1+11283) }
(1+(n)C1m2B3) (1+(n)11m2B3) (1+(n—1)Bog112)
[ (1+(n+1)G112B5) }
(1+(n)C1172B3)

Hence, we get

Bs (1 — BoGan2) (1 + C111283)
(1+ (1) G1m2Bs) (L4 (n = 1) BoGan2) (1 + (n+1) G112Bs)”

Yon-3 =

Additionally, we can observe from system (8)

Fen—6Pen—7
Dey—4(1 — Yen—5T6n—6Pen—7)

Fen3 =

(G0 (1+ (1 — 1) ppags)] [ 20 EomEn) |

1_ B283(1+801182)
[60’71(11+(”)’71ﬁzé3)} Co(1+(”—1)'71!32€3)(1+(")60'11%5124)_((1%")'7[%13)253) ]
n
3(1+Com B2) 2o (1+ (n— 1) 11 2C3) m (1+€0}710[;]21) 2

[(1+ (n = 1) 11B20s)] [(1 + (1) o B2)]

03 (1+ (n—1)mpPals) (1 + (1) Lo B2)
(1+ (1) mpals) [ TS

Consequently, we obtain

Ten—3 = g3 (1 + (1) ComB2) -

A similar technique can be used to prove the following cases. O
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8 Sixth case

In this section, we obtain explicit formulations for the solutions of the following difference
equations system

® L= (anZTnfB
Y, (14T 1Py ¥ s)
Ynolns
Y = , 9
T T, (1= By ¥y ol o) )

T 1= rn—Zch—?)
T ®,(14+ Y, 1T 2Py 3)

n=2012,..

where the initial conditions ®_3, ®_,, ®_1, Py, Y 3, Y -, VY _1,¥y, 3,15, T_1 and Ty are
nonzero real numbers.

Theorem 8.1. Assume {®,,¥,, Fn}:f:_3 is a solution of system (9). Then for n=0,1,2,...,

13 (1 —10B182) (1 + B1lan3)

Por=3 = U5 (n) Bizams) (L= (n— 1) ofala) (1 + (n + 1) Bilara)”
By = 72 (1 + Polaip2)
T (14 (n) Bolumz) (14 (1) Tumeps) (14 (n+1) Bolanz)
Dy | = m (1= 1pags)
T (T4 (= 1) mBags) (1+ (1) ComPBa) (1+ () mPBags)’
O — 10 (1 = 1oP182) (14 B1lan3)
T A+ (n—1)noprl2) (1 + (n+1) prlays) (1 + (n) oP1l2)’

@ _ 1283 (1 + Bol172)
LT By (14 (n) Zim2Ps) (1+ (n+1) Bolugz) (1+ (n+1) C1j2Ps)’

By — o (1 — 111 B203)
" (14 (n) ZomPBe) 1+ (n)mBals) (1+ (n+1) Lompa)’

Yen-3 = B3 (1+ (1) Bol172), Yon2 = L (—E (—7177_1;2)£1)52€3),

Yen = Bo (1+ (1) C112B3) ,

g, = PO+ (=1 nopilo)
" (1—noprla) °

w, . P20s (14 (n) GorniB2) w, o MoP1(1+ (n+1)pBi1gars)
6n+1 / 6n-+2 75 (1 —1Bra) ,

Co (1 —mpPals)

Ga(1+ (n+1)B1gons)
(1+ B1Cana)

Ten = Co (14 (1) m1B2ls),

Ten—z = C3(1+ (1) ZomPB2), Ten—n =

G1(1+ (n+1)Bolin2)
(1+ BoCin2)

l—‘61171 =
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0o G (14 (1) ofada)
on+ o (14 B1lonz) '

0o Bobi(1+(n+1) i)
o2 B3 (1+ Bol112) ’

where ®_3 =13, P =12, P_1 =11, Po =10, Y3 =83, Y2 =B2,Y-1=B1,Y0 = Bo, T3 =

(3, T =100,y =C1and Ty = {p.

Proof. For n = 0 the result holds. Now suppose that n > 0 and our assumption holds for

n — 1, that is;

13 (1 —10B1G2) (1 + B1langa)

D9 =

(T4 (n—1) B1lans) (1 + (n = 2) noP18a) (1 + (1) B1lan3)’

112 (14 Boli72)

D8 =

(14 (n—1) Bolan2) (1 + (n— 1) 112B3) (1 + (1) Bolar72)”

m (1 —mpBags)

(D6n77 -

(1+ (n=2)mpPals) (1+ (n—1) GomP2) (1 + (n —1)1m1pal3)’
1o (1 —10B1G2) (1 + B1Canys)

D6 =

Dgy—5 =

(14 (n—2)n0p182) (1 + (n) B18on3) (1 + (n— 1) 70p1G2)’
1283 (1 + Bol172)

Bo (1+ (n—1) C1m2B3) (1 + (n) BoGaiz) (1 + (1) G12B3)”

o (1 —1mpP2ls)

q)én —4 =

Yen—o = B3 (1+ (n—1)Bol1n2),

y, = P+ (1=2)mp12)
. (1 10p182)

g, . PGa(L+(n—1)Compa)
6n—5 —

To (1 —1m1B203)

Ten—9 =03 (1+ (n—1)CompB2),

r, 5 — (4 () Boliia)
o (14 Bol1m2) ~

ro .- G+ (n—1)nopil2)
on=s 1o (14 B18ana)

Now, we find from system (9) that

Dey—6Y6n—7

03 (1+ (n—1) GomPBz) (L+ (n— 1) mPags) (1 + (1) GompB2)’

g, o= P2+ (1 =2)mpats)
" (1 —mpals)

Yen—6 = Bo (1+ (n—1)C11m2PB3),

y,, , = TP+ (1) Brlars)
" 13 (1 —10p102)

re, s = 2L+ (1) Prlans)
" (1+B1sam3)
Ten—6=Co(1+ (n—1)mpP2ls),

T,y — Podr (£ (1) Cunps)
o B (1 + BoGin2)

D3 =

Yon—a (14 T'en—-s5Pon—6Yon—7)
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{ 170(1=110B182) (1+B102173) } [51(1+(”*2)’70ﬁ1€z)}
(1+(n—=2)10B182) (1+(n) B1G2n3 ) (1+(n—1)10p182) (1-10B182)

1_|_Cz773(1+(n Dnop182) B1(1+(n—2)n0p182) ]

7o(14-B102173) (1-10B182)
o(1=170B1G2) (1+B142113)
(1+(n=2)10B102) (1+(n) B182113) (1+(n—1)10B182)

[ (1+B182113) ]
(1+(n)B18an3) (1+(n—1)10B152)

- [(1713-1(-(”)/31@2773)} [1_'_( B1Go113 }

[Woﬁl(H(”)ﬁléﬁs) ]
13(1=10B182)

1-10B142) 1+(n)B10213)

{ 13(1=110B182) (1+B182173) ]
_ (1+(n)B18ana) (1+(n) B1G2an3) (1+(n—1)10B182)
[M]
(1+(n)B18an3)

Then, we obtain

D5 = 13 (1 —n0p122) (1 + P1Gany) |
(14 () Brlams) (1+ (n = 1) 10pr2) (1+ (n+1) Brlans)

In a similar manner, we employ the same previous procedure to investigate the solution

Yon—6l'6n—7
Ton—a (1 — Pon—5¥6n—6L6n—7)

[’30 (1 + (n — 1) €1772,B3)] [%}

Yon3 =

. 11283 (1+Bol112)
[M} Bo(1+(n—1)g117283) (1+(n )[3051('723_((1+)é 2,9'1”%53) ]
By (T+Botails) Bo (14 (n— 1) umapps) S Eee )

_ [+ (n—1) Zapps)] [(1 + (1) Bolan2)]

_Bs(1+ (n=1) &imaPs) (1 + (1) Bolainz)
(14 (1) C112P3) [%}

Then, we obtain
Yen-3 = B3 (1+ (n) Bol172) -

In a similar manner, we have from system (9) that

Fen—6Pen—7
Dgy—a(1+ Yen—s5Ten—6Peon—7)

Fen3 =

11 (1=1mpB283)
[Co (1 +(n—=1) mpags)] [(1+(n—2)mﬁzCs)(1+1(Vl—1;§021113/52)(1+(n—1)111/5263)}

[ Com (1=111B283) }
G3(1+(n—1)Gom1 B2) (14 (n—1)118233) (1+ (1) Gorr1 B2)

14 BLUt=Denba) r o1 4 (5 — 1) 51 8525) ]

Co(1—-11B203)
11 (1—11B203)
(1+(n=2)1m1B283) (1+(n—1)Con1 B2) (1+(n—1)118203)

1 118203
{Ca(1+(”—1)'71ﬁ253)(1+(H)Comﬁz)} [1 + (1+(ﬂ—2)fl1l32§3)]
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[?3(1+(”*1)’71ﬁ253)(1+(”)§0’71ﬁ2) ]
(1+(n—2)111B203)
[ (A+(n=1)111B2C3) }
(1+(n—2)mPB203)

Consequently, we obtain

Ten—3 = 03 (14 (n) ComP2) -

Similarly, by using the same method, we can investigate other relations. O

9 Seventh case

In this section, we get explicit formulations for the solutions of the following system of
difference equations

CD _ an—ZTn—S
Y, (=T, 1Py oY, 3)
lIIananC%
b4 = , 10
T T, (15 By 1%y 2T o) {10)
Fn,2¢n,3

r = , n=0,12,..,
T D, (14 Y1l 2P 3)

where the initial conditions ®_3, ®_,, ®_1, Py, Y 3, Y _», ¥Y_1,¥9, 3,1 _5,T_1 and Ty are
nonzero real numbers.

Theorem 9.1. Assume {®,, ¥, 1",1}20:_3 is a solution of system (10). Then for n=0,1,2,...,

2 (1+ (n —1) G112Ps3)
(1—=Cimps)

Dey—3 =13 (1+ (1) noP182), Pg_2 =

o, = A1) Gomp)
" (1 - Gomp2)

D =10 (1 + (n) B12n3),

o . 12B3(1+ (1) Polurp2) o o com (1 +(n+1)11BaGs)
o Bo(1—Cimps) o g3 (1 Gompa)

1+ (n+1)mpBags)
(1+mp2ls)

Yon = Bo (14 (1) C112P3)

Yens = B3 (1+ (1) Bol1112), g, , = P2l

g, =P (1+ (n+1)nop122)

(1+10p102)
g, . Bl (1+ (n) Compo) y, o MprL(A+ (n+1)Bibans)
ot Co (1 +m1B20s) o2 13 (1 +10B102) '

Ten 3 = g3 (1= CorniBa) (1 +mpBads)
T (A () mpags) (1 (n = 1) GomBa) (1+ (n + 1) mpals)”
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o G2 (1 + 10f182)

2T (14 () noPi2) 1+ (n) Brlans) (1 + (n+ 1) noP1la)’
Iy o = G1 (1= amaP3)

" (14 (n—1) C1m2P3) (14 (n) BoGan2) (1 + (1) Ca2B3)”

Go (1 = ComB2) (1 + m1Pals)
(T4 (n—1) GompBa) (1 + (n+1) mB2ls) (1 + () GoriB2)’

oo G113 (1 + 10P102)
T 0 (T4 (1) Brlams) (1 + (n+ 1) 10pr2) (1 + (n+1) Brlams)’

Tenia — Pol1 (1 = Ca172P3)
n - ’

Bs (1+ (1) BoGar2) (1 + (1) Canp2Pa) (1 + (n+1) Bolarja)
where ®_3 =13, P =12, 1 =11, Po =10, Y3 =B3,Y-—2=B2,Y-1=B1,Y0 = Bo, T3 =
03, T2 =05, T1 =Gy and Ty = Co.
Proof. For n = 0 the result holds. Now suppose that n > 0 and our assumption holds for
n — 1, that is;

I‘6n =

0, 5 = 2T (1=2) Cafs)

Pon—9 =13 (1+(n = 1) mobrt2), (1= C1m2P3)
D7 = 1 c z; (—nC_c):l)ﬁgzo)’hﬁZ)’ Don—6 = 1o (14 (1 —1) p18a113),
D, s — 12P3 (1+(n—1) Polaip2) D, 4 = O (1+ (1) mP2gs)

Bo (1 — C1112B3) 05 (1= CompB2)

g, = P2+ (1) mpaGs)

Yen—o = B3 (1+ (n—1) Bol112), 1+ 11Bals)
Yen7 = P ((111%)[3?%[23)1@), Yeon—6 = Po(1+ (n—1)172PB3),
g . B (L4 (n—1)Comp2) g, _ o1 (1+ (1) BrGans)
" To(1+mpBals) o4 13 (14 10B12)

Teno = 03 (1= CompPBz) (14 m1Bals)
T O (= ) mBate) (L (1= 2)ompa) (14 (1) 1pala)’

T o G2 (1 +1m0f182)
8T (14 (n—1)noPrlz) (1 + (n—1) B1ans) (1 + (n) noPrl2)’

Ter o — ¢1 (1= Cumaps)
T (T (n=2) QmaBa) (14 (n = 1) Bolana) (14 (n — 1) Camaps)”

Ten 6 = Go (1 = GoriBa) (1 +mpBals)
0T (14 (n—2) LomPB2) 1+ (n) mBags) (1 + (n—1) omiB2)’
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Ten—5 = Gai3 (1 + 10P1l2)
7 o (4 (n—1) Brlams) (1 + (n) nop1gz) (1 + (1) Brlays)’
Teps = Bol1 (1 — Can2Ps)

Bz (1+ (n—1) BoGuz) (1 + (n—1) TamaBs) (14 (1) BoGai2)’

Now, we prove that the results are holds for n. From system (10), it follows that

Doy—6Yen—7
Yen—a (1 —T6y—5Pen—6Yon—7)

Dgy—3 =

[0 (14 (1 = 1) Brgana)] [ B 0etnta)|

Gon3(1+770B182)
[’7051(11+(”)l31€2113)} oI+ (n=1)B1%2m3) (1+(n )’7051(52_)%((145( [)5[%5)2113) ]
13(1+10p182) 1o (14 (n —1) B122n3) WW%;)Z
_ [+ (n=1) B1Zon3)] [(1 + (1) 70P182)]

N
el [1 - e f |

_ (14 (n—1) B1lons) (1 + (1) opal2)
(1 ) prams)] | et

So, we have
DPen—3 = 113 (1 + (1) 70p142) -
Similarly, by using the same method, we can investigate the relations

Yo s Yon—6l'6n—7
" Ton—a (1 + Pey—5Y¥6n—6I6n—7)

01 (1=C112B3)
[Bo (1+ (1 —1) Caip2s)] [<1+<n—z)§m2ﬁa><1+1<n—13ﬁ§gfnz>(1+(n—1>z;wzﬁs>}

[ Bol1(1-C11283) ]
Ba(1+(n—1)BoC112) (1+(n—1)¢1172B3) (1+(n) BoC1772)

1 R JR) B (14 (1 — 1) G172Ba) ]

C1(1=C11m283)
(1+(n=2)¢11m2B3) (1+(n—1)BoG1772) (1+(n—1)C177283)

o)
(1+(n—2)¢11712B3)

1 G112
[ﬁs(1+(”—1)€1’72ﬁ3)(1+(”)l30€1'72)} [1 + (1+(”i22)§?'72[53)}
[ﬁ3(1+("—1)€1’72,33)(1+(”)/50§1’72)]

(1+(n—2)C1112Bs3)

{(1+(”*1)le7253)]
(1+(n—2)¢112B3)

Hence, we obtain
Yen-3 = B3 (14 (n) Bol172) -

In a similar manner, we employ the same previous procedure to investigate the solution

Fen—6Pen—7
DPey—a(1 + Yen—s5Ten—6Pen—7)

Ten3 =
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[ Co(1=CGom1 B2) (1+171B283) } ['71(1+(”*2)Cof11ﬂz)}
(1+(n=2)Com1B2) (1+(1n)n1B283) (1+(n—1)Com1B2) (1-ComB2)

1+ B28s(1+(n—1)Co11B2) 111 (1+(n—2)Cor182) ]

Co(1+n1B203) (1-Com1 B2)
Go(1=Gom B2) (1+11B203)
(1+(n=2)Com B2) (1+(n)11B2G3) (1+(n—1)Com B2)

[ (1+11B283) ]
(1+(n)n1B283) (1+(n—1)Zom1 B2)

~ TOtmBats) bl
[53(1*50117152) } [1 + (1+(1;)111/32§3)}

[60'71(1+(”)'71ﬁ2€3) }
¢3(1—Con1PB2)

[ $3(1—=Com1B2) (1+118285) }
_ (T+(n)11B283) (1+(n)y1B2l3) (14-(n—1)Zom1 B2)
[M}
(1+(n)mB20s)

So, we can get

Tep s = 03 (1= CompP2) (1 +mpPals)
T A mpals) (1 (n =1 ompa) (14 (n+ 1) mpats)’

Similarly to that, we can investigate other relations by using the same methodology. O

10 Nwumerical examples

In this section, we provide several numerical examples that reflect various types of system
(1) solutions in order to complement our theoretical discussion as well as to illustrate our
previous results.

Example 1. Figure 1 depicts the numerical solution of system (3) under the initial condi-
tions @ 3 =5, =129 1 =79, =10,Y 3 =19,Y », =7Y_1 =4%) =56T_3 =
09, »,=02T_1=18and Iy = 0.6.
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Figure 1: Plotting numerical solutions of system (3).

Example 2. Here, we demonstrate how system (5) can be solved numerically with the
initial conditions are ®_3 =15,®_, =512, ®_1 =27,y =31,¥Y 3=39, Y , =7,Y_1 =
45Y)=86IT_3=09T_,=02T_1=08and Iy =0.6.
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Figure 2: Plotting numerical solutions of system (5).

Example 3. Figure 3 indicating that the solution of system (6) is periodic when the
initial values are ®_3 =45, _, =12, ®_1 =34, =65Y_3=25Y¥Y ,=-27¥Y_1 =
1.5,¥y=—-56,_3=-39T_,=22T_1=-18and I =5.6.
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Figure 3: Plotting numerical solutions of system (6).

Example 4. For system (7) the initial conditions are set as follows: ®_3 = —2.5,®_; =
82,1 = —14,P) = 45Y 3 = -25Y » =47Y 1 = -15Y¥ =16 3 =51, =
—22,I'_1 =3.8and I'y = —1.6, we observe that the solutions are periodic with period 12, the
results shown in Figure 4.
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Figure 4: Plotting numerical solutions of system (7).

Example 5. To illustrate the numerical solution of system (8), we use the initial conditions as
follows: ®_3 =1.5,®_, =55I_ 1 =27,y = —-05Y_3=48Y_,=05Y_1=24Y%Y =
09,I_3=38T_»=—-12T_1=0.8and Iy = 1.6, the results shown in Figure 5.
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Figure 5: Plotting numerical solutions of system (8).

Example 6. In numerical simulation, we assumed that for system (9) the initial values are
O 3 =-18d, =41, 1 =25y =7¥Y3=-19Y, =17¥Y, = -31,% =
26, 3=39T_,=22T_1=0.8and Iy = 1.6. Then the solution appear in Figure 6.
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Figure 6: Plotting numerical solutions of system (9).

Example 7. Numerically when the initial values are ®_3 =5.1,®_, = 1.9, ®_; = 6.8, Py =
02,¥Y 3=21,¥Y ,=029Y_1=39,%=16T 3=19T ,=02T_1=18and Ij = 0.6.
Figure 7 shows the results of system (10).
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Figure 7: Plotting numerical solutions of system (10).

11 Conclusions

Analyzing the dynamics of systems in higher dimensions is a very fascinating mathemat-
ical issue. In this article, we have found the expressions of solutions in some special cases as
applications of rational difference systems of order four. First, in case 1, we have investigated
the solutions qualitative behavior is explored of system 2, such as local stability. Also, we
have obtained the general form of the solution of system 3 and proven that the solution is
bounded. After that, in cases 2,3,4,5.6 and 7, we have obtained expressions of solutions of
six special cases of the studied system 5,6,7,8,9 and 10. In systems 6 and 7, we discovered
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that the system’s solutions are periodic. Finally, to support our results, we provided some
illustrative numerical examples.
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