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Abstract. In this paper, we construct the solution expressions of fourth order nonlinear
difference systems

Φn+1 =
Φn−2Ψn−3

α + Ψn (±1 ± Γn−1Φn−2Ψn−3)
,

Ψn+1 =
Ψn−2Γn−3

δ + Γn (±1 ± Φn−1Ψn−2Γn−3)
,

Γn+1 =
Γn−2Φn−3

γ + Φn(±1 ± Ψn−1Γn−2Φn−3)
,

where α, δ and γ are arbitrary real numbers. Furthermore, the solution’s qualitative
behavior is explored, such as local stability and boundedness. In some cases, system
has periodic solutions. Finally, we provide numerical examples to support our conclu-
sions.

Keywords: Rational difference equations, solution of system of difference equations,
periodic solution, recursive sequences, local stability.
2020 Mathematics Subject Classification: 39A10. MSC2020

1 Introduction

Difference equation studies, also referred to as discrete dynamical systems, is one of the
most important fields of science, that is naturally developing as discrete analogs and numer-
ical solutions to differential and delay differential equations, with applications in a variety of
fields, including the natural depiction of a discrete process. The majority of studies on non-
linear rational difference equations concentrate on examining the behavior of solutions by
offering a general form of solution. Since it might be challenging to get the solution expres-
sions, researchers occasionally turn to analyze the stability characteristics of the equilibrium
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point. Analysis of equilibrium solutions to various systems of nonlinear difference equations
has become one of the main problems in the theory of dynamical systems in recent years.
Numerous studies have been written about the systems and behavior of rational difference
equations (which can be obtained in the references).

Akrour et al. [1] have solved the following rational difference system:

κn+1 =
αψnκn−1 + βκn−1 + η

ψnκn−1
,

ψn+1 =
ακnψn−1 + βψn−1 + η

κnψn−1
.

Alayachi et al. [3] have got the form of the solutions of the rational difference system:

χn+1 =
Υnωn−1

Υn ± χn−2
, Υn+1 =

ωnχn−1

ωn ± Υn−2
, ωn+1 =

χnΥn−1

χn−1 ± ωn−2
.

Alotaibi et al. [4] have got the forms of the solution of the difference equation systems:

χn+1 =
ΥnΥn−2

χn−1 ± Υn−2
, Υn+1 =

χnχn−2

Υn−1 ± χn−2
.

The following difference equation was obtained the general form and studied qualitative
behavior of the solutions by Elsayed [10]

κn+1 =
κn−2κn−3

κn(±1 ±κn−1κn−2κn−3)
.

Elsayed et al. [15] obtained the solutions and investigated the qualitative behavior of the
system of rational difference equations:

ϕn+1 =
α1ωn−1ψn−1

ϕn−1 + ψn−1 + ωn−1
,

ψn+1 =
α2ωn−1ϕn−1

ϕn−1 + ψn−1 + ωn−1
,

ωn+1 =
α3ϕn−1ψn−1

ϕn−1 + ψn−1 + ωn−1
.

Gümüş and Abo-Zeid [17] investigated the behavior of positive solutions of the system
of rational difference equations:

κn+1 =
ακ2

n−1

β + γψn−2
, ψn+1 =

α1ψ2
n−1

β1 + γ1κn−2
.

Okumuş and Soykan [23] studied the boundedness, persistence and periodicity of the
positive solutions and investigated the dynamics of the positive equilibrium points of the
system of difference equations:

χn+1 = A +
χn−1

ωn
, Υn+1 = A +

Υn−1

ωn
, ωn+1 = A +

ωn−1

Υn
.

The purpose of this article is to determine the solution expressions and investigate the
behavior of solutions for nonlinear rational difference systems of order four
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Φn+1 =
Φn−2Ψn−3

α + Ψn (±1 ± Γn−1Φn−2Ψn−3)
,

Ψn+1 =
Ψn−2Γn−3

δ + Γn (±1 ± Φn−1Ψn−2Γn−3)
, (1)

Γn+1 =
Γn−2Φn−3

γ + Φn(±1 ± Ψn−1Γn−2Φn−3)
, n = 0, 1, 2, ...,

where the initial conditions Φ−3, Φ−2, Φ−1, Φ0, Ψ−3, Ψ−2, Ψ−1,Ψ0, Γ−3, Γ−2, Γ−1 and Γ0 are
nonzero real numbers.

2 Main results

Assume IΦ, IΨ and IΓ are any intervals of real numbers and f : I3
Φ × I3

Ψ × I3
Γ → IΦ, g :

I3
Φ × I3

Ψ × I3
Γ → IΨ, h : I3

Φ × I3
Ψ × I3

Γ → IΓ are continuously differentiable functions. Then
for each initial condition (Φi, Ψi, Γi) ∈ IΦ × IΨ × IΓ for i ∈ {−3,−2,−1, 0}, the system of
difference equations:

Φn+1 = f (Φn, Φn−1, Φn−2, Φn−3, Ψn, Ψn−1, Ψn−2, Ψn−3, Γn, Γn−1, Γn−2, Γn−3),
Ψn+1 = g(Φn, Φn−1, Φn−2, Φn−3, Ψn, Ψn−1, Ψn−2, Ψn−3, Γn, Γn−1, Γn−2, Γn−3),
Γn+1 = h(Φn, Φn−1, Φn−2, Φn−3, Ψn, Ψn−1, Ψn−2, Ψn−3, Γn, Γn−1, Γn−2, Γn−3),

has a unique solution {Φn, Ψn, Γn}∞
n=−3 .

Definition 2.1. A point (
−
Φ

−
, Ψ,

−
, Γ) is said to be an equilibrium point of (1) if

−
Φ = f (

−
Φ,

−
Φ,

−
Φ,

−
Φ,

−
Ψ,

−
Ψ,

−
Ψ,

−
Ψ

−
, Γ

−
, Γ

−
, Γ

−
, Γ),

−
Ψ = g(

−
Φ,

−
Φ,

−
Φ,

−
Φ,

−
Ψ,

−
Ψ,

−
Ψ,

−
Ψ

−
, Γ

−
, Γ

−
, Γ

−
, Γ),

−
Γ = h(

−
Φ,

−
Φ,

−
Φ,

−
Φ,

−
Ψ,

−
Ψ,

−
Ψ,

−
Ψ

−
, Γ

−
, Γ

−
, Γ

−
, Γ),

are satisfied.

Definition 2.2. Assume that (
−
Φ

−
, Ψ,

−
Γ) is a fixed point of (1) .

(i) (
−
Φ

−
, Ψ,

−
Γ) is said to be stable if for every ε > 0, there exists δ > 0 such that, for every initial

condition (Φi, Ψi, Γi) ∈ IΦ × IΨ × IΓ for i ∈ {−3,−2,−1, 0} if∥∥∥∥∥ 0

∑
i=−3

(Φi, Ψi, Γi)− (
−
Φ

−
, Ψ,

−
Γ)

∥∥∥∥∥ < δ ⇒
∥∥∥∥(Φn, Ψn, Γn)− (

−
Φ

−
, Ψ

−
, Γ)

∥∥∥∥ < ε, for all n > 0.

(ii) (
−
Φ

−
, Ψ,

−
Γ) is said to be unstable if it is not stable.

(iii) (
−
Φ

−
, Ψ,

−
Γ) is called asymptotically stable if there exists γ > 0 such that∥∥∥∥∥ 0

∑
i=−3

(Φi, Ψi, Γi)− (
−
Φ

−
, Ψ,

−
Γ)

∥∥∥∥∥ < γ, (Φn, Ψn, Γn) → (
−
Φ

−
, Ψ,

−
Γ) as n → ∞.
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(iv) (
−
Φ

−
, Ψ,

−
Γ) is called global attractor if (Φn, Ψn, Γn) → (

−
Φ

−
, Ψ,

−
Γ) as n → ∞.

(v) (
−
Φ

−
, Ψ,

−
Γ) is called globally asymptotically stable if it is a global attractor and stable.

Theorem 2.3. Assume that (Φn+1, Ψn+1, Γn+1) = F(Φn, Ψn, Γn), n = 0, 1, ..., is a system of differ-

ence equations where F is continuously differentiable on open neighborhood H ⊆ Rn+1 and (
−
Φ

−
, Ψ,

−
Γ)

is a fixed point of F then

(1) If all eigenvalues of the Jacobian matrix JF at equilibrium point (
−
Φ

−
, Ψ,

−
Γ) lie inside the unit disk

i.e. |λi| < 1 then (
−
Φ

−
, Ψ,

−
Γ) is locally asymptotically stable.

(2) If at least one eigenvalue at equilibrium point (
−
Φ

−
, Ψ,

−
Γ) outside the unit disk, then (

−
Φ

−
, Ψ,

−
Γ) is

unstable.

3 First case

In this section, we investigate the behavior of the solutions of the following system of
difference equations

Φn+1 =
Φn−2Ψn−3

α + Ψn (1 + Γn−1Φn−2Ψn−3)
,

Ψn+1 =
Ψn−2Γn−3

δ + Γn (1 + Φn−1Ψn−2Γn−3)
, (2)

Γn+1 =
Γn−2Φn−3

γ + Φn(1 + Ψn−1Γn−2Φn−3)
, n = 0, 1, 2, ...,

and we take a special case α = δ = γ = 0, in (2) to get explicit formulations for the solutions
of the following system of difference equations

Φn+1 =
Φn−2Ψn−3

Ψn (1 + Γn−1Φn−2Ψn−3)
,

Ψn+1 =
Ψn−2Γn−3

Γn (1 + Φn−1Ψn−2Γn−3)
, (3)

Γn+1 =
Γn−2Φn−3

Φn(1 + Ψn−1Γn−2Φn−3)
, n = 0, 1, 2, ...,

where the initial conditions Φ−3, Φ−2, Φ−1, Φ0, Ψ−3, Ψ−2, Ψ−1,Ψ0, Γ−3, Γ−2, Γ−1 and Γ0 are
nonzero real numbers.

3.1 Stability of equilibrium point

In this subsection, we study the stability of critical point O = (0, 0, 0) of the system (2).

Theorem 3.1. The equilibrium point O is locally asymptotically stable.

Proof. To investigate the stability of the equilibrium point O, we assume

Xn = Φn−3, Yn = Φn−2, Zn = Φn−1,
Un = Ψn−3, Vn = Ψn−2, Wn = Ψn−1,

Pn = Γn−3, Qn = Γn−2, Rn = Γn−1,
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then the system (2) can be written as

Xn+1
Yn+1
Zn+1
Φn+1
Un+1
Vn+1
Wn+1
Ψn+1
Pn+1
Qn+1
Rn+1
Γn+1



=



Yn
Zn
Φn

YnUn
(α+Ψn(1+RnYnUn))

Vn
Wn
Ψn
VnPn

(δ+Γn(1+ZnVnPn))

Qn
Rn
Γn

QnXn
(γ+Φn(1+WnQnXn))



. (4)

The Jacobian matrix of (4) is given by

JF =



0 1 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 A1 0 0 A2 0 0 A3 0 0 A4 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 B1 0 0 B2 0 0 B3 0 0 B4
0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 1

C1 0 0 C2 0 0 C3 0 0 C4 0 0



,

where
A1 =

αUn + ΨnUn

(α + Ψn(1 + RnYnUn))
2 , A2 =

αYn + ΨnYn

(α + Ψn(1 + RnYnUn))
2 ,

A3 =
−YnUn − RnY2

nU2
n

(α + Ψn(1 + RnYnUn))
2 , A4 =

−ΨnY2
nU2

n

(α + Ψn(1 + RnYnUn))
2 ,

B1 =
−ΓnV2

n P2
n

(δ + Γn(1 + ZnVnPn))
2 , B2 =

δPn + ΓnPn

(δ + Γn(1 + ZnVnPn))
2 ,

B3 =
δVn + ΓnVn

(δ + Γn(1 + ZnVnPn))
2 , B4 =

−VnPn − ZnV2
n P2

n

(δ + Γn(1 + ZnVnPn))
2 ,

C1 =
γQn + ΦnQn

(γ + Φn(1 + WnQnXn))
2 C2 =

−QnXn − WnQ2
nX2

n

(γ + Φn(1 + WnQnXn))
2 ,

C3 =
−ΦnQ2

nX2
n

(γ + Φn(1 + WnQnXn))
2 , C4 =

γXn + ΦnXn

(γ + Φn(1 + WnQnXn))
2 .

If we evaluate the Jacobian matrix about the equilibrium point O, we get all eigenvalues
|λi| = 0, i = 1, 2, ..., 12. So, all eigenvalues are inside the unit disk. Therefor Theorem 1
ensures that the origin is locally asymptotically stable.
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3.2 On solution of system (3)

In this subsection, we obtain the solution of system (3).

Theorem 3.2. Assume {Φn, Ψn, Γn}∞
n=−3 is a solution of system (3). Then for n=0,1,2,...,

Φ6n−3 =

η3
n−1
∏
i=0

(1 + (3i + 1) η0β1ζ2) (1 + (3i) β1ζ2η3)

n−1
∏
i=0

(1 + (3i) η0β1ζ2) (1 + (3i + 2) β1ζ2η3)

,

Φ6n−2 =

η2
n−1
∏
i=0

(1 + (3i) β0ζ1η2) (1 + (3i + 2) ζ1η2β3)

n−1
∏
i=0

(1 + (3i + 2) β0ζ1η2) (1 + (3i + 1) ζ1η2β3)

,

Φ6n−1 =

η1
n−1
∏
i=0

(1 + (3i + 2) ζ0η1β2) (1 + (3i + 1) η1β2ζ3)

n−1
∏
i=0

(1 + (3i + 1) ζ0η1β2) (1 + (3i + 3) η1β2ζ3)

,

Φ6n =

η0
n−1
∏
i=0

(1 + (3i + 1) η0β1ζ2) (1 + (3i + 3) β1ζ2η3)

n−1
∏
i=0

(1 + (3i + 3) η0β1ζ2) (1 + (3i + 2) β1ζ2η3)

,

Φ6n+1 =

η2β3
n−1
∏
i=0

(1 + (3i + 3) β0ζ1η2) (1 + (3i + 2) ζ1η2β3)

β0 (1 + ζ1η2β3)
n−1
∏
i=0

(1 + (3i + 2) β0ζ1η2) (1 + (3i + 4) ζ1η2β3)

,

Φ6n+2 =

ζ0η1 (1 + η1β2ζ3)
n−1
∏
i=0

(1 + (3i + 2) ζ0η1β2) (1 + (3i + 4) η1β2ζ3)

ζ3 (1 + ζ0η1β2)
n−1
∏
i=0

(1 + (3i + 4) ζ0η1β2) (1 + (3i + 3) η1β2ζ3)

,

Ψ6n−3 =

β3
n−1
∏
i=0

(1 + (3i + 1) β0ζ1η2) (1 + (3i) ζ1η2β3)

n−1
∏
i=0

(1 + (3i) β0ζ1η2) (1 + (3i + 2) ζ1η2β3)

,

Ψ6n−2 =

β2
n−1
∏
i=0

(1 + (3i) ζ0η1β2) (1 + (3i + 2) η1β2ζ3)

n−1
∏
i=0

(1 + (3i + 2) ζ0η1β2) (1 + (3i + 1) η1β2ζ3)

,

Ψ6n−1 =

β1
n−1
∏
i=0

(1 + (3i + 2) η0β1ζ2) (1 + (3i + 1) β1ζ2η3)

n−1
∏
i=0

(1 + (3i + 1) η0β1ζ2) (1 + (3i + 3) β1ζ2η3)

,
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Ψ6n =

β0
n−1
∏
i=0

(1 + (3i + 1) β0ζ1η2) (1 + (3i + 3) ζ1η2β3)

n−1
∏
i=0

(1 + (3i + 3) β0ζ1η2) (1 + (3i + 2) ζ1η2β3)

,

Ψ6n+1 =

β2ζ3
n−1
∏
i=0

(1 + (3i + 3) ζ0η1β2) (1 + (3i + 2) η1β2ζ3)

ζ0 (1 + η1β2ζ3)
n−1
∏
i=0

(1 + (3i + 2) ζ0η1β2) (1 + (3i + 4) η1β2ζ3)

,

Ψ6n+2 =

η0β1 (1 + β1ζ2η3)
n−1
∏
i=0

(1 + (3i + 2) η0β1ζ2) (1 + (3i + 4) β1ζ2η3)

η3 (1 + η0β1ζ2)
n−1
∏
i=0

(1 + (3i + 4) η0β1ζ2) (1 + (3i + 3) β1ζ2η3)

,

Γ6n−3 =

ζ3
n−1
∏
i=0

(1 + (3i + 1) ζ0η1β2) (1 + (3i) η1β2ζ3)

n−1
∏
i=0

(1 + (3i) ζ0η1β2) (1 + (3i + 2) η1β2ζ3)

,

Γ6n−2 =

ζ2
n−1
∏
i=0

(1 + (3i) η0β1ζ2) (1 + (3i + 2) β1ζ2η3)

n−1
∏
i=0

(1 + (3i + 2) η0β1ζ2) (1 + (3i + 1) β1ζ2η3)

,

Γ6n−1 =

ζ1
n−1
∏
i=0

(1 + (3i + 2) β0ζ1η2) (1 + (3i + 1) ζ1η2β3)

n−1
∏
i=0

(1 + (3i + 1) β0ζ1η2) (1 + (3i + 3) ζ1η2β3)

,

Γ6n =

ζ0
n−1
∏
i=0

(1 + (3i + 1) ζ0η1β2) (1 + (3i + 3) η1β2ζ3)

n−1
∏
i=0

(1 + (3i + 3) ζ0η1β2) (1 + (3i + 2) η1β2ζ3)

,

Γ6n+1 =

ζ2η3
n−1
∏
i=0

(1 + (3i + 3) η0β1ζ2) (1 + (3i + 2) β1ζ2η3)

η0 (1 + β1ζ2η3)
n−1
∏
i=0

(1 + (3i + 2) η0β1ζ2) (1 + (3i + 4) β1ζ2η3)

,

Γ6n+2 =

β0ζ1 (1 + ζ1η2β3)
n−1
∏
i=0

(1 + (3i + 2) β0ζ1η2) (1 + (3i + 4) ζ1η2β3)

β3 (1 + β0ζ1η2)
n−1
∏
i=0

(1 + (3i + 4) β0ζ1η2) (1 + (3i + 3) ζ1η2β3)

,

where Φ−3 = η3, Φ−2 = η2, Φ−1 = η1, Φ0 = η0, Ψ−3 = β3, Ψ−2 = β2, Ψ−1 = β1, Ψ0 = β0, Γ−3 =
ζ3, Γ−2 = ζ2, Γ−1 = ζ1 and Γ0 = ζ0.
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Proof. By using mathematical induction we will prove that the solution is true. First, for n=0
the result holds. Second, we suppose that n > 0 and our assumption holds for n − 1, that is;

Φ6n−9 =

η3
n−2
∏
i=0

(1 + (3i + 1) η0β1ζ2) (1 + (3i) β1ζ2η3)

n−2
∏
i=0

(1 + (3i) η0β1ζ2) (1 + (3i + 2) β1ζ2η3)

,

Φ6n−8 =

η2
n−2
∏
i=0

(1 + (3i) β0ζ1η2) (1 + (3i + 2) ζ1η2β3)

n−2
∏
i=0

(1 + (3i + 2) β0ζ1η2) (1 + (3i + 1) ζ1η2β3)

,

Φ6n−7 =

η1
n−2
∏
i=0

(1 + (3i + 2) ζ0η1β2) (1 + (3i + 1) η1β2ζ3)

n−2
∏
i=0

(1 + (3i + 1) ζ0η1β2) (1 + (3i + 3) η1β2ζ3)

,

Φ6n−6 =

η0
n−2
∏
i=0

(1 + (3i + 1) η0β1ζ2) (1 + (3i + 3) β1ζ2η3)

n−2
∏
i=0

(1 + (3i + 3) η0β1ζ2) (1 + (3i + 2) β1ζ2η3)

,

Φ6n−5 =

η2β3
n−2
∏
i=0

(1 + (3i + 3) β0ζ1η2) (1 + (3i + 2) ζ1η2β3)

β0 (1 + ζ1η2β3)
n−2
∏
i=0

(1 + (3i + 2) β0ζ1η2) (1 + (3i + 4) ζ1η2β3)

,

Φ6n−4 =

ζ0η1 (1 + η1β2ζ3)
n−2
∏
i=0

(1 + (3i + 2) ζ0η1β2) (1 + (3i + 4) η1β2ζ3)

ζ3 (1 + ζ0η1β2)
n−2
∏
i=0

(1 + (3i + 4) ζ0η1β2) (1 + (3i + 3) η1β2ζ3)

,

Ψ6n−9 =

β3
n−2
∏
i=0

(1 + (3i + 1) β0ζ1η2) (1 + (3i) ζ1η2β3)

n−2
∏
i=0

(1 + (3i) β0ζ1η2) (1 + (3i + 2) ζ1η2β3)

,

Ψ6n−8 =

β2
n−2
∏
i=0

(1 + (3i) ζ0η1β2) (1 + (3i + 2) η1β2ζ3)

n−2
∏
i=0

(1 + (3i + 2) ζ0η1β2) (1 + (3i + 1) η1β2ζ3)

,

Ψ6n−7 =

β1
n−2
∏
i=0

(1 + (3i + 2) η0β1ζ2) (1 + (3i + 1) β1ζ2η3)

n−2
∏
i=0

(1 + (3i + 1) η0β1ζ2) (1 + (3i + 3) β1ζ2η3)

,
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Ψ6n−6 =

β0
n−2
∏
i=0

(1 + (3i + 1) β0ζ1η2) (1 + (3i + 3) ζ1η2β3)

n−2
∏
i=0

(1 + (3i + 3) β0ζ1η2) (1 + (3i + 2) ζ1η2β3)

,

Ψ6n−5 =

β2ζ3
n−2
∏
i=0

(1 + (3i + 3) ζ0η1β2) (1 + (3i + 2) η1β2ζ3)

ζ0 (1 + η1β2ζ3)
n−2
∏
i=0

(1 + (3i + 2) ζ0η1β2) (1 + (3i + 4) η1β2ζ3)

,

Ψ6n−4 =

η0β1 (1 + β1ζ2η3)
n−2
∏
i=0

(1 + (3i + 2) η0β1ζ2) (1 + (3i + 4) β1ζ2η3)

η3 (1 + η0β1ζ2)
n−2
∏
i=0

(1 + (3i + 4) η0β1ζ2) (1 + (3i + 3) β1ζ2η3)

,

Γ6n−9 =

ζ3
n−2
∏
i=0

(1 + (3i + 1) ζ0η1β2) (1 + (3i) η1β2ζ3)

n−2
∏
i=0

(1 + (3i) ζ0η1β2) (1 + (3i + 2) η1β2ζ3)

,

Γ6n−8 =

ζ2
n−2
∏
i=0

(1 + (3i) η0β1ζ2) (1 + (3i + 2) β1ζ2η3)

n−2
∏
i=0

(1 + (3i + 2) η0β1ζ2) (1 + (3i + 1) β1ζ2η3)

,

Γ6n−7 =

ζ1
n−2
∏
i=0

(1 + (3i + 2) β0ζ1η2) (1 + (3i + 1) ζ1η2β3)

n−2
∏
i=0

(1 + (3i + 1) β0ζ1η2) (1 + (3i + 3) ζ1η2β3)

,

Γ6n−6 =

ζ0
n−2
∏
i=0

(1 + (3i + 1) ζ0η1β2) (1 + (3i + 3) η1β2ζ3)

n−2
∏
i=0

(1 + (3i + 3) ζ0η1β2) (1 + (3i + 2) η1β2ζ3)

,

Γ6n−5 =

ζ2η3
n−2
∏
i=0

(1 + (3i + 3) η0β1ζ2) (1 + (3i + 2) β1ζ2η3)

η0 (1 + β1ζ2η3)
n−2
∏
i=0

(1 + (3i + 2) η0β1ζ2) (1 + (3i + 4) β1ζ2η3)

,

Γ6n−4 =

β0ζ1 (1 + ζ1η2β3)
n−2
∏
i=0

(1 + (3i + 2) β0ζ1η2) (1 + (3i + 4) ζ1η2β3)

β3 (1 + β0ζ1η2)
n−2
∏
i=0

(1 + (3i + 4) β0ζ1η2) (1 + (3i + 3) ζ1η2β3)

,

Now, from system (3) we have

Φ6n−3 =
Φ6n−6Ψ6n−7

Ψ6n−4 (1 + Γ6n−5Φ6n−6Ψ6n−7)
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=

 η0

n−2
∏
i=0

(1+(3i+1)η0β1ζ2)(1+(3i+3)β1ζ2η3)

n−2
∏
i=0

(1+(3i+3)η0β1ζ2)(1+(3i+2)β1ζ2η3)


 β1

n−2
∏
i=0

(1+(3i+2)η0β1ζ2)(1+(3i+1)β1ζ2η3)

n−2
∏
i=0

(1+(3i+1)η0β1ζ2)(1+(3i+3)β1ζ2η3)


 η0β1(1+β1ζ2η3)

n−2
∏
i=0

(1+(3i+2)η0β1ζ2)(1+(3i+4)β1ζ2η3)

η3(1+η0β1ζ2)
n−2
∏
i=0

(1+(3i+4)η0β1ζ2)(1+(3i+3)β1ζ2η3)




1 +
ζ2η3

n−2
∏
i=0

(1+(3i+3)η0β1ζ2)(1+(3i+2)β1ζ2η3)

η0(1+β1ζ2η3)
n−2
∏
i=0

(1+(3i+2)η0β1ζ2)(1+(3i+4)β1ζ2η3)

η0

n−2
∏
i=0

(1+(3i+1)η0β1ζ2)(1+(3i+3)β1ζ2η3)

n−2
∏
i=0

(1+(3i+3)η0β1ζ2)(1+(3i+2)β1ζ2η3)

β1

n−2
∏
i=0

(1+(3i+2)η0β1ζ2)(1+(3i+1)β1ζ2η3)

n−2
∏
i=0

(1+(3i+1)η0β1ζ2)(1+(3i+3)β1ζ2η3)



=


n−2
∏
i=0

(1+(3i+1)β1ζ2η3)

n−2
∏
i=0

(1+(3i+3)η0β1ζ2)(1+(3i+2)β1ζ2η3)


 (1+β1ζ2η3)

n−2
∏
i=0

(1+(3i+4)β1ζ2η3)

η3(1+η0β1ζ2)
n−2
∏
i=0

(1+(3i+4)η0β1ζ2)(1+(3i+3)β1ζ2η3)


1 +

β1ζ2η3

n−2
∏
i=0

(1+(3i+1)β1ζ2η3)

(1+β1ζ2η3)
n−2
∏
i=0

(1+(3i+4)β1ζ2η3)



=

 η3(1+η0β1ζ2)
n−2
∏
i=0

(1+(3i+4)η0β1ζ2)(1+(3i+3)β1ζ2η3)

n−2
∏
i=0

(1+(3i+3)η0β1ζ2)(1+(3i+2)β1ζ2η3)


 (1+β1ζ2η3)

n−2
∏
i=0

(1+(3i+4)β1ζ2η3)

n−2
∏
i=0

(1+(3i+1)β1ζ2η3)


1 +

β1ζ2η3

n−2
∏
i=0

(1+(3i+1)β1ζ2η3)

(1+β1ζ2η3)
n−2
∏
i=0

(1+(3i+4)β1ζ2η3)



=

 η3(1+η0β1ζ2)
n−2
∏
i=0

(1+(3i+4)η0β1ζ2)(1+(3i+3)β1ζ2η3)

n−2
∏
i=0

(1+(3i+3)η0β1ζ2)(1+(3i+2)β1ζ2η3)


(1 + (3n − 2) β1ζ2η3)

[
1 + β1ζ2η3

(1+(3n−2)β1ζ2η3)

]
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=

 η3(1+η0β1ζ2)
n−2
∏
i=0

(1+(3i+4)η0β1ζ2)(1+(3i+3)β1ζ2η3)

n−2
∏
i=0

(1+(3i+3)η0β1ζ2)(1+(3i+2)β1ζ2η3)


(1 + (3n − 2) β1ζ2η3 + β1ζ2η3)

=

η3 (1 + η0β1ζ2)
n−2
∏
i=0

(1 + (3i + 4) η0β1ζ2) (1 + (3i + 3) β1ζ2η3)

(1 + (3n − 1) β1ζ2η3)
n−2
∏
i=0

(1 + (3i + 3) η0β1ζ2) (1 + (3i + 2) β1ζ2η3)

Hence, we can get

Φ6n−3 =

η3
n−1
∏
i=0

(1 + (3i + 1) η0β1ζ2) (1 + (3i) β1ζ2η3)

n−1
∏
i=0

(1 + (3i) η0β1ζ2) (1 + (3i + 2) β1ζ2η3)

.

Also, we see that from system (3)

Ψ6n−3 =
Ψ6n−6Γ6n−7

Γ6n−4 (1 + Φ6n−5Ψ6n−6Γ6n−7)

=

 β0

n−2
∏
i=0

(1+(3i+1)β0ζ1η2)(1+(3i+3)ζ1η2β3)

n−2
∏
i=0

(1+(3i+3)β0ζ1η2)(1+(3i+2)ζ1η2β3)


 ζ1

n−2
∏
i=0

(1+(3i+2)β0ζ1η2)(1+(3i+1)ζ1η2β3)

n−2
∏
i=0

(1+(3i+1)β0ζ1η2)(1+(3i+3)ζ1η2β3)


 β0ζ1(1+ζ1η2β3)

n−2
∏
i=0

(1+(3i+2)β0ζ1η2)(1+(3i+4)ζ1η2β3)

β3(1+β0ζ1η2)
n−2
∏
i=0

(1+(3i+4)β0ζ1η2)(1+(3i+3)ζ1η2β3)




1 +
η2β3

n−2
∏
i=0

(1+(3i+3)β0ζ1η2)(1+(3i+2)ζ1η2β3)

β0(1+ζ1η2β3)
n−2
∏
i=0

(1+(3i+2)β0ζ1η2)(1+(3i+4)ζ1η2β3)

β0

n−2
∏
i=0

(1+(3i+1)β0ζ1η2)(1+(3i+3)ζ1η2β3)

n−2
∏
i=0

(1+(3i+3)β0ζ1η2)(1+(3i+2)ζ1η2β3)

ζ1

n−2
∏
i=0

(1+(3i+2)β0ζ1η2)(1+(3i+1)ζ1η2β3)

n−2
∏
i=0

(1+(3i+1)β0ζ1η2)(1+(3i+3)ζ1η2β3)


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=


n−2
∏
i=0

(1+(3i+1)ζ1η2β3)

n−2
∏
i=0

(1+(3i+3)β0ζ1η2)(1+(3i+2)ζ1η2β3)


 (1+ζ1η2β3)

n−2
∏
i=0

(1+(3i+4)ζ1η2β3)

β3(1+β0ζ1η2)
n−2
∏
i=0

(1+(3i+4)β0ζ1η2)(1+(3i+3)ζ1η2β3)


1 +

ζ1η2β3

n−2
∏
i=0

(1+(3i+1)ζ1η2β3)

(1+ζ1η2β3)
n−2
∏
i=0

(1+(3i+4)ζ1η2β3)



=

 β3(1+β0ζ1η2)
n−2
∏
i=0

(1+(3i+4)β0ζ1η2)(1+(3i+3)ζ1η2β3)

n−2
∏
i=0

(1+(3i+3)β0ζ1η2)(1+(3i+2)ζ1η2β3)


 (1+ζ1η2β3)

n−2
∏
i=0

(1+(3i+4)ζ1η2β3)

n−2
∏
i=0

(1+(3i+1)ζ1η2β3)


1 +

ζ1η2β3

n−2
∏
i=0

(1+(3i+1)ζ1η2β3)

(1+ζ1η2β3)
n−2
∏
i=0

(1+(3i+4)ζ1η2β3)



=

 β3(1+β0ζ1η2)
n−2
∏
i=0

(1+(3i+4)β0ζ1η2)(1+(3i+3)ζ1η2β3)

n−2
∏
i=0

(1+(3i+3)β0ζ1η2)(1+(3i+2)ζ1η2β3)


(1 + (3n − 2) ζ1η2β3)

[
1 + ζ1η2β3

(1+(3n−2)ζ1η2β3)

]

=

 β3(1+β0ζ1η2)
n−2
∏
i=0

(1+(3i+4)β0ζ1η2)(1+(3i+3)ζ1η2β3)

n−2
∏
i=0

(1+(3i+3)β0ζ1η2)(1+(3i+2)ζ1η2β3)


(1 + (3n − 2) ζ1η2β3 + ζ1η2β3)

=

β3 (1 + β0ζ1η2)
n−2
∏
i=0

(1 + (3i + 4) β0ζ1η2) (1 + (3i + 3) ζ1η2β3)

(1 + (3n − 1) ζ1η2β3)
n−2
∏
i=0

(1 + (3i + 3) β0ζ1η2) (1 + (3i + 2) ζ1η2β3)

Thus, we obtain

Ψ6n−3 =

β3
n−1
∏
i=0

(1 + (3i + 1) β0ζ1η2) (1 + (3i) ζ1η2β3)

n−1
∏
i=0

(1 + (3i) β0ζ1η2) (1 + (3i + 2) ζ1η2β3)

.

Furthermore, we have from system (3)

Γ6n−3 =
Γ6n−6Φ6n−7

Φ6n−4(1 + Ψ6n−5Γ6n−6Φ6n−7)
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=

 ζ0

n−2
∏
i=0

(1+(3i+1)ζ0η1β2)(1+(3i+3)η1β2ζ3)

n−2
∏
i=0

(1+(3i+3)ζ0η1β2)(1+(3i+2)η1β2ζ3)


 η1

n−2
∏
i=0

(1+(3i+2)ζ0η1β2)(1+(3i+1)η1β2ζ3)

n−2
∏
i=0

(1+(3i+1)ζ0η1β2)(1+(3i+3)η1β2ζ3)


 ζ0η1(1+η1β2ζ3)

n−2
∏
i=0

(1+(3i+2)ζ0η1β2)(1+(3i+4)η1β2ζ3)

ζ3(1+ζ0η1β2)
n−2
∏
i=0

(1+(3i+4)ζ0η1β2)(1+(3i+3)η1β2ζ3)




1 +
β2ζ3

n−2
∏
i=0

(1+(3i+3)ζ0η1β2)(1+(3i+2)η1β2ζ3)

ζ0(1+η1β2ζ3)
n−2
∏
i=0

(1+(3i+2)ζ0η1β2)(1+(3i+4)η1β2ζ3)

ζ0

n−2
∏
i=0

(1+(3i+1)ζ0η1β2)(1+(3i+3)η1β2ζ3)

n−2
∏
i=0

(1+(3i+3)ζ0η1β2)(1+(3i+2)η1β2ζ3)

η1

n−2
∏
i=0

(1+(3i+2)ζ0η1β2)(1+(3i+1)η1β2ζ3)

n−2
∏
i=0

(1+(3i+1)ζ0η1β2)(1+(3i+3)η1β2ζ3)



=


n−2
∏
i=0

(1+(3i+1)η1β2ζ3)

n−2
∏
i=0

(1+(3i+3)ζ0η1β2)(1+(3i+2)η1β2ζ3)


 (1+η1β2ζ3)

n−2
∏
i=0

(1+(3i+4)η1β2ζ3)

ζ3(1+ζ0η1β2)
n−2
∏
i=0

(1+(3i+4)ζ0η1β2)(1+(3i+3)η1β2ζ3)


1 +

η1β2ζ3

n−2
∏
i=0

(1+(3i+1)η1β2ζ3)

ζ0(1+η1β2ζ3)
n−2
∏
i=0

(1+(3i+4)η1β2ζ3)



=

 ζ3(1+ζ0η1β2)
n−2
∏
i=0

(1+(3i+4)ζ0η1β2)(1+(3i+3)η1β2ζ3)

n−2
∏
i=0

(1+(3i+3)ζ0η1β2)(1+(3i+2)η1β2ζ3)


 (1+η1β2ζ3)

n−2
∏
i=0

(1+(3i+4)η1β2ζ3)

n−2
∏
i=0

(1+(3i+1)η1β2ζ3)


1 +

η1β2ζ3

n−2
∏
i=0

(1+(3i+1)η1β2ζ3)

(1+η1β2ζ3)
n−2
∏
i=0

(1+(3i+4)η1β2ζ3)



=

 ζ3(1+ζ0η1β2)
n−2
∏
i=0

(1+(3i+4)ζ0η1β2)(1+(3i+3)η1β2ζ3)

n−2
∏
i=0

(1+(3i+3)ζ0η1β2)(1+(3i+2)η1β2ζ3)


(1 + (3n − 2) η1β2ζ3)

[
1 + η1β2ζ3

(1+(3n−2)η1β2ζ3)

]
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=

 ζ3(1+ζ0η1β2)
n−2
∏
i=0

(1+(3i+4)ζ0η1β2)(1+(3i+3)η1β2ζ3)

n−2
∏
i=0

(1+(3i+3)ζ0η1β2)(1+(3i+2)η1β2ζ3)


(1 + (3n − 2) η1β2ζ3 + η1β2ζ3)

=

ζ3 (1 + ζ0η1β2)
n−2
∏
i=0

(1 + (3i + 4) ζ0η1β2) (1 + (3i + 3) η1β2ζ3)

(1 + (3n − 1) η1β2ζ3)
n−2
∏
i=0

(1 + (3i + 3) ζ0η1β2) (1 + (3i + 2) η1β2ζ3)

Then, we have

Γ6n−3 =

ζ3
n−1
∏
i=0

(1 + (3i + 1) ζ0η1β2) (1 + (3i) η1β2ζ3)

n−1
∏
i=0

(1 + (3i) ζ0η1β2) (1 + (3i + 2) η1β2ζ3)

.

In the same way, other expressions can be investigated.

3.3 Boundedness of the Solution

In this subsection, we demonstrate that the positive solutions of system (3) are bounded.

Lemma 3.3. Every positive solution of system (3) is bounded and converges to zero.

Proof. System (3) shows that

Φn+1 =
Φn−2Ψn−3

Ψn (1 + Γn−1Φn−2Ψn−3)
≤ Φn−2Ψn−3

Γn−1Φn−2Ψn−3
≤ 1

Γn−1
,

Ψn+1 =
Ψn−2Γn−3

Γn (1 + Φn−1Ψn−2Γn−3)
≤ Ψn−2Γn−3

Φn−1Ψn−2Γn−3
≤ 1

Φn−1
,

Γn+1 =
Γn−2Φn−3

Φn(1 + Ψn−1Γn−2Φn−3)
≤ Γn−2Φn−3

Ψn−1Γn−2Φn−3
≤ 1

Ψn−1
.

We conclude that

Φn+1 ≤ 1
Γn−1

, Ψn+1 ≤ 1
Φn−1

and Γn+1 ≤ 1
Ψn−1

.

So, for k = 1, 2, ..., we can get

Φn+1 ≤ 1
Γn−1

≤ Ψn−3 ≤ 1
Φn−5

≤ Γn−7 ≤ 1
Ψn−9

≤ Φn−11 ≤ ... ≤ 1

(Φn−6k+1)
(−1)(k+1) .

If we set n = n + 1, n + 2, ..., we get

Φn+2 ≤ 1
Γn

≤ Ψn−2 ≤ 1
Φn−4

≤ Γn−6 ≤ 1
Ψn−8

≤ Φn−10 ≤ ... ≤ 1

(Φn−6k+2)
(−1)(k+1) ,

Φn+3 ≤ 1
Γn+1

≤ Ψn−1 ≤ 1
Φn−3

≤ Γn−5 ≤ 1
Ψn−7

≤ Φn−9 ≤ ... ≤ 1

(Φn−6k+3)
(−1)(k+1) ,
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Φn+4 ≤ 1
Γn+2

≤ Ψn ≤ 1
Φn−2

≤ Γn−4 ≤ 1
Ψn−6

≤ Φn−8 ≤ ... ≤ 1

(Φn−6k+4)
(−1)(k+1) ,

Φn+5 ≤ 1
Γn+3

≤ Ψn+1 ≤ 1
Φn−1

≤ Γn−3 ≤ 1
Ψn−5

≤ Φn−7 ≤ ... ≤ 1

(Φn−6k+5)
(−1)(k+1) ,

Φn+6 ≤ 1
Γn+4

≤ Ψn+2 ≤ 1
Φn

≤ Γn−2 ≤ 1
Ψn−4

≤ Φn−6 ≤ ... ≤ 1

(Φn−6k+6)
(−1)(k+1) .

And so on. Similarly, for the sequences Ψn+1 and Γn+1, this implies that the subsequences
{Φ6n−3}∞

n=0 , {Φ6n−2}∞
n=0 , {Φ6n−1}∞

n=0 , {Φ6n}∞
n=0 , {Φ6n+1}∞

n=0 , {Φ6n+2}∞
n=0 , {Ψ6n−3}∞

n=0 , {Ψ6n−2}∞
n=0 ,

{Ψ6n−1}∞
n=0 , {Ψ6n}∞

n=0 , {Ψ6n+1}∞
n=0 , {Ψ6n+2}∞

n=0 and {Γ6n−3}∞
n=0 , {Γ6n−2}∞

n=0 , {Γ6n−1}∞
n=0 , {Γ6n}∞

n=0 ,
{Γ6n+1}∞

n=0 are decreasing and so are bounded from above by

Φmax = max{Φ−3, Φ−2, Φ−1, Φ0},

Ψmax = max{Ψ−3, Ψ−2, Ψ−1, Ψ0},

and
Γmax = max{Γ−3, Γ−2, Γ−1, Γ0}.

In the following cases, we will obtain the solution expressions when we take α = δ = γ =
0, in (1).

4 Second case

In this section, we get the solution expressions of the following system of difference
equations

Φn+1 =
Φn−2Ψn−3

Ψn (1 − Γn−1Φn−2Ψn−3)
,

Ψn+1 =
Ψn−2Γn−3

Γn (1 − Φn−1Ψn−2Γn−3)
, (5)

Γn+1 =
Γn−2Φn−3

Φn(1 − Ψn−1Γn−2Φn−3)
, n = 0, 1, 2, ...,

where the initial conditions Φ−3, Φ−2, Φ−1, Φ0, Ψ−3, Ψ−2, Ψ−1,Ψ0, Γ−3, Γ−2, Γ−1 and Γ0 are
nonzero real numbers.

Theorem 4.1. Assume {Φn, Ψn, Γn}∞
n=−3 is a solution of system (5). Then for n=0,1,2,...,

Φ6n−3 =

η3
n−1
∏
i=0

(1 − (3i + 1) η0β1ζ2) (1 − (3i) β1ζ2η3)

n−1
∏
i=0

(1 − (3i) η0β1ζ2) (1 − (3i + 2) β1ζ2η3)

,

Φ6n−2 =

η2
n−1
∏
i=0

(1 − (3i) β0ζ1η2) (1 − (3i + 2) ζ1η2β3)

n−1
∏
i=0

(1 − (3i + 2) β0ζ1η2) (1 − (3i + 1) ζ1η2β3)

,
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Φ6n−1 =

η1
n−1
∏
i=0

(1 − (3i + 2) ζ0η1β2) (1 − (3i + 1) η1β2ζ3)

n−1
∏
i=0

(1 − (3i + 1) ζ0η1β2) (1 − (3i + 3) η1β2ζ3)

,

Φ6n =

η0
n−1
∏
i=0

(1 − (3i + 1) η0β1ζ2) (1 − (3i + 3) β1ζ2η3)

n−1
∏
i=0

(1 − (3i + 3) η0β1ζ2) (1 − (3i + 2) β1ζ2η3)

,

Φ6n+1 =

η2β3
n−1
∏
i=0

(1 − (3i + 3) β0ζ1η2) (1 − (3i + 2) ζ1η2β3)

β0 (1 − ζ1η2β3)
n−1
∏
i=0

(1 − (3i + 2) β0ζ1η2) (1 − (3i + 4) ζ1η2β3)

,

Φ6n+2 =

ζ0η1 (1 − η1β2ζ3)
n−1
∏
i=0

(1 − (3i + 2) ζ0η1β2) (1 − (3i + 4) η1β2ζ3)

ζ3 (1 − ζ0η1β2)
n−1
∏
i=0

(1 − (3i + 4) ζ0η1β2) (1 − (3i + 3) η1β2ζ3)

,

Ψ6n−3 =

β3
n−1
∏
i=0

(1 − (3i + 1) β0ζ1η2) (1 − (3i) ζ1η2β3)

n−1
∏
i=0

(1 − (3i) β0ζ1η2) (1 − (3i + 2) ζ1η2β3)

,

Ψ6n−2 =

β2
n−1
∏
i=0

(1 − (3i) ζ0η1β2) (1 − (3i + 2) η1β2ζ3)

n−1
∏
i=0

(1 − (3i + 2) ζ0η1β2) (1 − (3i + 1) η1β2ζ3)

,

Ψ6n−1 =

β1
n−1
∏
i=0

(1 − (3i + 2) η0β1ζ2) (1 − (3i + 1) β1ζ2η3)

n−1
∏
i=0

(1 − (3i + 1) η0β1ζ2) (1 − (3i + 3) β1ζ2η3)

,

Ψ6n =

β0
n−1
∏
i=0

(1 − (3i + 1) β0ζ1η2) (1 − (3i + 3) ζ1η2β3)

n−1
∏
i=0

(1 − (3i + 3) β0ζ1η2) (1 − (3i + 2) ζ1η2β3)

,

Ψ6n+1 =

β2ζ3
n−1
∏
i=0

(1 − (3i + 3) ζ0η1β2) (1 − (3i + 2) η1β2ζ3)

ζ0 (1 − η1β2ζ3)
n−1
∏
i=0

(1 − (3i + 2) ζ0η1β2) (1 − (3i + 4) η1β2ζ3)

,

Ψ6n+2 =

η0β1 (1 − β1ζ2η3)
n−1
∏
i=0

(1 − (3i + 2) η0β1ζ2) (1 − (3i + 4) β1ζ2η3)

η3 (1 − η0β1ζ2)
n−1
∏
i=0

(1 − (3i + 4) η0β1ζ2) (1 − (3i + 3) β1ζ2η3)

,
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Γ6n−3 =

ζ3
n−1
∏
i=0

(1 − (3i + 1) ζ0η1β2) (1 − (3i) η1β2ζ3)

n−1
∏
i=0

(1 − (3i) ζ0η1β2) (1 − (3i + 2) η1β2ζ3)

,

Γ6n−2 =

ζ2
n−1
∏
i=0

(1 − (3i) η0β1ζ2) (1 − (3i + 2) β1ζ2η3)

n−1
∏
i=0

(1 − (3i + 2) η0β1ζ2) (1 − (3i + 1) β1ζ2η3)

,

Γ6n−1 =

ζ1
n−1
∏
i=0

(1 − (3i + 2) β0ζ1η2) (1 − (3i + 1) ζ1η2β3)

n−1
∏
i=0

(1 − (3i + 1) β0ζ1η2) (1 − (3i + 3) ζ1η2β3)

,

Γ6n =

ζ0
n−1
∏
i=0

(1 − (3i + 1) ζ0η1β2) (1 − (3i + 3) η1β2ζ3)

n−1
∏
i=0

(1 − (3i + 3) ζ0η1β2) (1 − (3i + 2) η1β2ζ3)

,

Γ6n+1 =

ζ2η3
n−1
∏
i=0

(1 − (3i + 3) η0β1ζ2) (1 − (3i + 2) β1ζ2η3)

η0 (1 − β1ζ2η3)
n−1
∏
i=0

(1 − (3i + 2) η0β1ζ2) (1 − (3i + 4) β1ζ2η3)

,

Γ6n+2 =

β0ζ1 (1 − ζ1η2β3)
n−1
∏
i=0

(1 − (3i + 2) β0ζ1η2) (1 − (3i + 4) ζ1η2β3)

β3 (1 − β0ζ1η2)
n−1
∏
i=0

(1 − (3i + 4) β0ζ1η2) (1 − (3i + 3) ζ1η2β3)

,

where Φ−3 = η3, Φ−2 = η2, Φ−1 = η1, Φ0 = η0, Ψ−3 = β3, Ψ−2 = β2, Ψ−1 = β1, Ψ0 = β0, Γ−3 =
ζ3, Γ−2 = ζ2, Γ−1 = ζ1 and Γ0 = ζ0.

Proof. The same procedures used to demonstrate Theorem 3 can be utilized here.

5 Third case

In this section, we obtain specific expressions of the solutions of the following system of
difference equations

Φn+1 =
Φn−2Ψn−3

Ψn (−1 + Γn−1Φn−2Ψn−3)
,

Ψn+1 =
Ψn−2Γn−3

Γn (−1 + Φn−1Ψn−2Γn−3)
, (6)

Γn+1 =
Γn−2Φn−3

Φn(−1 + Ψn−1Γn−2Φn−3)
, n = 0, 1, 2, ...,

where the initial conditions Φ−3, Φ−2, Φ−1, Φ0, Ψ−3, Ψ−2, Ψ−1,Ψ0, Γ−3, Γ−2, Γ−1 and Γ0 are
nonzero real numbers.
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Theorem 5.1. Assume {Φn, Ψn, Γn}∞
n=−3 is a solution of system (6). Then every solution of system

(6) is periodic with period 12, which takes the following form:

Φ12n−3 = η3, Φ12n−2 = η2, Φ12n−1 = η1, Φ12n = η0,

Φ12n+1 =
η2β3

β0 (−1 + ζ1η2β3)
, Φ12n+2 =

ζ0η1 (−1 + η1β2ζ3)

ζ3 (−1 + ζ0η1β2)
,

Φ12n+3 = η3 (−1 + η0β1ζ2) , Φ12n+4 =
η2

(−1 + ζ1η2β3)
,

Φ12n+5 =
η1

(−1 + ζ0η1β2)
, Φ12n+6 = η0 (−1 + β1ζ2η3) ,

Φ12n+7 =
η2β3 (−1 + β0ζ1η2)

β0 (−1 + ζ1η2β3)
, Φ12n+8 =

ζ0η1

ζ3 (−1 + ζ0η1β2)
,

Ψ12n−3 = β3, Ψ12n−2 = β2, Ψ12n−1 = β1, Ψ12n = β0,

Ψ12n+1 =
β2ζ3

ζ0 (−1 + η1β2ζ3)
, Ψ12n+2 =

η0β1 (−1 + β1ζ2η3)

η3 (−1 + η0β1ζ2)
,

Ψ12n+3 = β3 (−1 + β0ζ1η2) , Ψ12n+4 =
β2

(−1 + η1β2ζ3)
,

Ψ12n+5 =
β1

(−1 + η0β1ζ2)
, Ψ12n+6 = β0 (−1 + ζ1η2β3) ,

Ψ12n+7 =
β2ζ3 (−1 + ζ0η1β2)

ζ0 (−1 + η1β2ζ3)
, Ψ12n+8 =

η0β1

η3 (−1 + η0β1ζ2)
,

Γ12n−3 = ζ3, Γ12n−2 = ζ2, Γ12n−1 = ζ1, Γ12n = ζ0,

Γ12n+1 =
ζ2η3

η0 (−1 + β1ζ2η3)
, Γ12n+2 =

β0ζ1 (−1 + ζ1η2β3)

β3 (−1 + β0ζ1η2)
,

Γ12n+3 = ζ3 (−1 + ζ0η1β2) , Γ12n+4 =
ζ2

(−1 + β1ζ2η3)
,

Γ12n+5 =
ζ1

(−1 + β0ζ1η2)
, Γ12n+6 = ζ0 (−1 + η1β2ζ3) ,

Γ12n+7 =
ζ2η3 (−1 + η0β1ζ2)

η0 (−1 + β1ζ2η3)
, Γ12n+8 =

β0ζ1

β3 (−1 + β0ζ1η2)
,

where Φ−3 = η3, Φ−2 = η2, Φ−1 = η1, Φ0 = η0, Ψ−3 = β3, Ψ−2 = β2, Ψ−1 = β1, Ψ0 = β0, Γ−3 =
ζ3, Γ−2 = ζ2, Γ−1 = ζ1 and Γ0 = ζ0.
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Proof. For n = 0 the result holds. Now suppose that n > 0 and our assumption holds for
n − 1, that is;

Φ12n−15 = η3, Φ12n−14 = η2, Φ12n−13 = η1, Φ12n−12 = η0,

Φ12n−11 =
η2β3

β0 (−1 + ζ1η2β3)
, Φ12n−10 =

ζ0η1 (−1 + η1β2ζ3)

ζ3 (−1 + ζ0η1β2)
,

Φ12n−9 = η3 (−1 + η0β1ζ2) , Φ12n−8 =
η2

(−1 + ζ1η2β3)
,

Φ12n−7 =
η1

(−1 + ζ0η1β2)
, Φ12n−6 = η0 (−1 + β1ζ2η3) ,

Φ12n−5 =
η2β3 (−1 + β0ζ1η2)

β0 (−1 + ζ1η2β3)
, Φ12n−4 =

ζ0η1

ζ3 (−1 + ζ0η1β2)
,

Ψ12n−15 = β3, Ψ12n−14 = β2, Ψ12n−13 = β1, Ψ12n−12 = β0,

Ψ12n−11 =
β2ζ3

ζ0 (−1 + η1β2ζ3)
, Ψ12n−10 =

η0β1 (−1 + β1ζ2η3)

η3 (−1 + η0β1ζ2)
,

Ψ12n−9 = β3 (−1 + β0ζ1η2) , Ψ12n−8 =
β2

(−1 + η1β2ζ3)
,

Ψ12n−7 =
β1

(−1 + η0β1ζ2)
, Ψ12n−6 = β0 (−1 + ζ1η2β3) ,

Ψ12n−5 =
β2ζ3 (−1 + ζ0η1β2)

ζ0 (−1 + η1β2ζ3)
, Ψ12n−4 =

η0β1

η3 (−1 + η0β1ζ2)
,

Γ12n−15 = ζ3, Γ12n−14 = ζ2, Γ12n−13 = ζ1, Γ12n−12 = ζ0,

Γ12n−11 =
ζ2η3

η0 (−1 + β1ζ2η3)
, Γ12n−10 =

β0ζ1 (−1 + ζ1η2β3)

β3 (−1 + β0ζ1η2)
,

Γ12n−9 = ζ3 (−1 + ζ0η1β2) , Γ12n−8 =
ζ2

(−1 + β1ζ2η3)
,

Γ12n−7 =
ζ1

(−1 + β0ζ1η2)
, Γ12n−6 = ζ0 (−1 + η1β2ζ3) ,

Γ12n−5 =
ζ2η3 (−1 + η0β1ζ2)

η0 (−1 + β1ζ2η3)
, Γ12n−4 =

β0ζ1

β3 (−1 + β0ζ1η2)
,

Now, we find from system (6) that

Φ12n−3 =
Φ12n−6Ψ12n−7

Ψ12n−4 (−1 + Γ12n−5Φ12n−6Ψ12n−7)

=
[η0 (−1 + β1ζ2η3)]

[
β1

(−1+η0β1ζ2)

]
[

η0β1
η3(−1+η0β1ζ2)

] [
−1 + ζ2η3(−1+η0β1ζ2)

η0(−1+β1ζ2η3)
η0 (−1 + β1ζ2η3)

β1
(−1+η0β1ζ2)

]
=

η3 (−1 + β1ζ2η3)

[−1 + β1ζ2η3]
= η3.
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Similarly, by using the same method, we can investigate the relations

Ψ12n−3 =
Ψ12n−6Γ12n−7

Γ12n−4 (−1 + Φ12n−5Ψ12n−6Γ12n−7)

=
[β0 (−1 + ζ1η2β3)]

[
ζ1

(−1+β0ζ1η2)

]
[

β0ζ1
β3(−1+β0ζ1η2)

] [
−1 + η2β3(−1+β0ζ1η2)

β0(−1+ζ1η2β3)
β0 (−1 + ζ1η2β3)

ζ1
(−1+β0ζ1η2)

]
=

β3 (−1 + ζ1η2β3)

[−1 + ζ1η2β3]
= β3.

Also, we see that from system (6)

Γ12n−3 =
Γ12n−6Φ12n−7

Φ12n−4(−1 + Ψ12n−5Γ12n−6Φ12n−7)

=
[ζ0 (−1 + η1β2ζ3)]

[
η1

(−1+ζ0η1β2)

]
[

ζ0η1
ζ3(−1+ζ0η1β2)

] [
−1 + β2ζ3(−1+ζ0η1β2)

ζ0(−1+η1β2ζ3)
ζ0 (−1 + η1β2ζ3)

η1
(−1+ζ0η1β2)

]
=

ζ3 (−1 + η1β2ζ3)

[−1 + ζ0η1β2]
= ζ3.

Likewise,

Φ12n−2 =
Φ12n−5Ψ12n−6

Ψ12n−3 (−1 + Γ12n−4Φ12n−5Ψ12n−6)

=

[
η2β3(−1+β0ζ1η2)

β0(−1+ζ1η2β3)

]
[β0 (−1 + ζ1η2β3)]

β3

[
−1 + β0ζ1

β3(−1+β0ζ1η2)
η2β3(−1+β0ζ1η2)

β0(−1+ζ1η2β3)
β0 (−1 + ζ1η2β3)

]
=

η2 (−1 + β0ζ1η2)

[−1 + β0ζ1η2]
= η2.

Ψ12n−2 =
Ψ12n−5Γ12n−6

Γ12n−3 (−1 + Φ12n−4Ψ12n−5Γ12n−6)

=

[
β2ζ3(−1+ζ0η1β2)
ζ0(−1+η1β2ζ3)

]
[ζ0 (−1 + η1β2ζ3)]

ζ3

[
−1 + ζ0η1

ζ3(−1+ζ0η1β2)
β2ζ3(−1+ζ0η1β2)
ζ0(−1+η1β2ζ3)

ζ0 (−1 + η1β2ζ3)
]

=
β2 (−1 + ζ0η1β2)

[−1 + ζ0η1β2]
= β2.

Γ12n−2 =
Γ12n−5Φ12n−6

Φ12n−3(−1 + Ψ12n−4Γ12n−5Φ12n−6)

=

[
ζ2η3(−1+η0β1ζ2)
η0(−1+β1ζ2η3)

]
[η0 (−1 + β1ζ2η3)]

η3

[
−1 + η0β1

η3(−1+η0β1ζ2)
ζ2η3(−1+η0β1ζ2)
η0(−1+β1ζ2η3)

η0 (−1 + β1ζ2η3)
]

=
ζ2 (−1 + η0β1ζ2)

[−1 + η0β1ζ2]
= ζ2.

Other relations can be proven in the same way.
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Lemma 5.2. System (6) has aperiodic solution of period six iff ζ1η2β3 = η1β2ζ3 = ζ0η1β2 =
η0β1ζ2 = β1ζ2η3 = β0ζ1η2 = 2 and {Φn, Ψn, Γn}∞

n=−3 will take the form

Φn =

{
η3, η2, η1, η0,

η2β3

β0
,

ζ0η1

ζ3
, η3, η2, η1, η0,

η2β3

β0
,

ζ0η1

ζ3
, ...

}
,

Ψn =

{
β3, β2, β1, β0,

β2ζ3

ζ0
,

η0β1

η3
, β3, β2, β1, β0,

β2ζ3

ζ0
,

η0β1

η3
, ...

}
,

Γn =

{
ζ3, ζ2, ζ1, ζ0,

ζ2η3

η0
,

β0ζ1

β3
, ζ3, ζ2, ζ1, ζ0,

ζ2η3

η0
,

β0ζ1

β3
, ...

}
.

6 Fourth case

In this section, we obtain specific expressions of the solutions of the following system of
difference equations

Φn+1 =
Φn−2Ψn−3

Ψn (−1 − Γn−1Φn−2Ψn−3)
,

Ψn+1 =
Ψn−2Γn−3

Γn (−1 − Φn−1Ψn−2Γn−3)
, (7)

Γn+1 =
Γn−2Φn−3

Φn(−1 − Ψn−1Γn−2Φn−3)
, n = 0, 1, 2, ...,

where the initial conditions Φ−3, Φ−2, Φ−1, Φ0, Ψ−3, Ψ−2, Ψ−1,Ψ0, Γ−3, Γ−2, Γ−1 and Γ0 are
nonzero real numbers.

Theorem 6.1. Assume {Φn, Ψn, Γn}∞
n=−3 is a solution of system (7). Then every solution of system

(7) is periodic with period 12, which takes the following form:

Φ12n−3 = η3, Φ12n−2 = η2, Φ12n−1 = η1, Φ12n = η0,

Φ12n+1 =
η2β3

β0 (−1 − ζ1η2β3)
, Φ12n+2 =

ζ0η1 (−1 − η1β2ζ3)

ζ3 (−1 − ζ0η1β2)
,

Φ12n+3 = η3 (−1 − η0β1ζ2) , Φ12n+4 =
η2

(−1 − ζ1η2β3)
,

Φ12n+5 =
η1

(−1 − ζ0η1β2)
, Φ12n+6 = η0 (−1 − β1ζ2η3) ,

Φ12n+7 =
η2β3 (−1 − β0ζ1η2)

β0 (−1 − ζ1η2β3)
, Φ12n+8 =

ζ0η1

ζ3 (−1 − ζ0η1β2)
,

Ψ12n−3 = β3, Ψ12n−2 = β2, Ψ12n−1 = β1, Ψ12n = β0,

Ψ12n+1 =
β2ζ3

ζ0 (−1 − η1β2ζ3)
, Ψ12n+2 =

η0β1 (−1 − β1ζ2η3)

η3 (−1 − η0β1ζ2)
,

Ψ12n+3 = β3 (−1 − β0ζ1η2) , Ψ12n+4 =
β2

(−1 − η1β2ζ3)
,
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Ψ12n+5 =
β1

(−1 − η0β1ζ2)
, Ψ12n+6 = β0 (−1 − ζ1η2β3) ,

Ψ12n+7 =
β2ζ3 (−1 − β0ζ1η2)

ζ0 (−1 − η1β2ζ3)
, Ψ12n+8 =

η0β1

η3 (−1 − η0β1ζ2)
,

Γ12n−3 = ζ3, Γ12n−2 = ζ2, Γ12n−1 = ζ1, Γ12n = ζ0,

Γ12n+1 =
ζ2η3

η0 (−1 − β1ζ2η3)
, Γ12n+2 =

β0ζ1 (−1 − ζ1η2β3)

β3 (−1 − β0ζ1η2)
,

Γ12n+3 = ζ3 (−1 − ζ0η1β2) , Γ12n+4 =
ζ2

(−1 − β1ζ2η3)
,

Γ12n+5 =
ζ1

(−1 − β0ζ1η2)
, Γ12n+6 = ζ0 (−1 − η1β2ζ3) ,

Γ12n+7 =
ζ2η3 (−1 − η0β1ζ2)

η0 (−1 − β1ζ2η3)
, Γ12n+8 =

β0ζ1

β3 (−1 − β0ζ1η2)
,

where Φ−3 = η3, Φ−2 = η2, Φ−1 = η1, Φ0 = η0, Ψ−3 = β3, Ψ−2 = β2, Ψ−1 = β1, Ψ0 = β0, Γ−3 =
ζ3, Γ−2 = ζ2, Γ−1 = ζ1 and Γ0 = ζ0.

Proof. We can use the same steps used to prove Theorem 5.

Lemma 6.2. System (7) has aperiodic solution of period six iff ζ1η2β3 = η1β2ζ3 = ζ0η1β2 =
η0β1ζ2 = β1ζ2η3 = β0ζ1η2 = −2 and {Φn, Ψn, Γn}∞

n=−3 will take the form

Φn =

{
η3, η2, η1, η0,

η2β3

β0
,

ζ0η1

ζ3
, η3, η2, η1, η0,

η2β3

β0
,

ζ0η1

ζ3
, ...

}
,

Ψn =

{
β3, β2, β1, β0,

β2ζ3

ζ0
,

η0β1

η3
, β3, β2, β1, β0,

β2ζ3

ζ0
,

η0β1

η3
, ...

}
,

Γn =

{
ζ3, ζ2, ζ1, ζ0,

ζ2η3

η0
,

β0ζ1

β3
, ζ3, ζ2, ζ1, ζ0,

ζ2η3

η0
,

β0ζ1

β3
, ...

}
.

7 Fifth case

In this section, we investigate the solutions of the following difference equations system

Φn+1 =
Φn−2Ψn−3

Ψn (1 + Γn−1Φn−2Ψn−3)
,

Ψn+1 =
Ψn−2Γn−3

Γn (1 + Φn−1Ψn−2Γn−3)
, (8)

Γn+1 =
Γn−2Φn−3

Φn(1 − Ψn−1Γn−2Φn−3)
, n = 0, 1, 2, ...,

where the initial conditions Φ−3, Φ−2, Φ−1, Φ0, Ψ−3, Ψ−2, Ψ−1,Ψ0, Γ−3, Γ−2, Γ−1 and Γ0 are
nonzero real numbers.
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Theorem 7.1. Assume {Φn, Ψn, Γn}∞
n=−3 is a solution of system (8). Then for n=0,1,2,...,

Φ6n−3 = η3 (1 + (n) η0β1ζ2) , Φ6n−2 =
η2 (1 + (n + 1) ζ1η2β3)

(1 + ζ1η2β3)
,

Φ6n−1 =
η1 (1 + (n + 1) ζ0η1β2)

(1 + ζ0η1β2)
, Φ6n = η0 (1 + (n) β1ζ2η3) ,

Φ6n+1 =
η2β3 (1 + (n) β0ζ1η2)

β0 (1 + ζ1η2β3)
, Φ6n+2 =

ζ0η1 (1 + (n + 1) η1β2ζ3)

ζ3 (1 + ζ0η1β2)
,

Ψ6n−3 =
β3 (1 − β0ζ1η2) (1 + ζ1η2β3)

(1 + (n) ζ1η2β3) (1 + (n − 1) β0ζ1η2) (1 + (n + 1) ζ1η2β3)
,

Ψ6n−2 =
β2 (1 + ζ0η1β2)

(1 + (n) η1β2ζ3) (1 + (n) ζ0η1β2) (1 + (n + 1) ζ0η1β2)
,

Ψ6n−1 =
β1 (1 − β1ζ2η3)

(1 + (n − 1) β1ζ2η3) (1 + (n) η0β1ζ2) (1 + (n) β1ζ2η3)
,

Ψ6n =
β0 (1 − β0ζ1η2) (1 + ζ1η2β3)

(1 + (n − 1) β0ζ1η2) (1 + (n + 1) ζ1η2β3) (1 + (n) β0ζ1η2)
,

Ψ6n+1 =
β2ζ3 (1 + ζ0η1β2)

ζ0 (1 + (n) η1β2ζ3) (1 + (n + 1) ζ0η1β2) (1 + (n + 1) η1β2ζ3)
,

Ψ6n+2 =
η0β1 (1 − β1ζ2η3)

η3 (1 + (n) η0β1ζ2) (1 + (n) β1ζ2η3) (1 + (n + 1) η0β1ζ2)
,

Γ6n−3 = ζ3 (1 + (n) ζ0η1β2) , Γ6n−2 =
ζ2 (1 + (n − 1) β1ζ2η3)

(1 − β1ζ2η3)
,

Γ6n−1 =
ζ1 (1 + (n − 1) β0ζ1η2)

(1 − β0ζ1η2)
, Γ6n = ζ0 (1 + (n) η1β2ζ3) ,

Γ6n+1 =
ζ2η3 (1 + (n) η0β1ζ2)

η0 (1 − β1ζ2η3)
, Γ6n+2 =

β0ζ1 (1 + (n + 1) ζ1η2β3)

β3 (1 − β0ζ1η2)
,

where Φ−3 = η3, Φ−2 = η2, Φ−1 = η1, Φ0 = η0, Ψ−3 = β3, Ψ−2 = β2, Ψ−1 = β1, Ψ0 = β0, Γ−3 =
ζ3, Γ−2 = ζ2, Γ−1 = ζ1 and Γ0 = ζ0.

Proof. For n = 0 the result holds. Now suppose that n > 0 and our assumption holds for
n − 1, that is;

Φ6n−9 = η3 (1 + (n − 1) η0β1ζ2) , Φ6n−8 =
η2 (1 + (n) ζ1η2β3)

(1 + ζ1η2β3)
,

Φ6n−7 =
η1 (1 + (n) ζ0η1β2)

(1 + ζ0η1β2)
, Φ6n−6 = η0 (1 + (n − 1) β1ζ2η3) ,
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Φ6n−5 =
η2β3 (1 + (n − 1) β0ζ1η2)

β0 (1 + ζ1η2β3)
, Φ6n−4 =

ζ0η1 (1 + (n) η1β2ζ3)

ζ3 (1 + ζ0η1β2)
,

Ψ6n−9 =
β3 (1 − β0ζ1η2) (1 + ζ1η2β3)

(1 + (n − 1) ζ1η2β3) (1 + (n − 2) β0ζ1η2) (1 + (n) ζ1η2β3)
,

Ψ6n−8 =
β2 (1 + ζ0η1β2)

(1 + (n − 1) η1β2ζ3) (1 + (n − 1) ζ0η1β2) (1 + (n) ζ0η1β2)
,

Ψ6n−7 =
β1 (1 − β1ζ2η3)

(1 + (n − 2) β1ζ2η3) (1 + (n − 1) η0β1ζ2) (1 + (n − 1) β1ζ2η3)
,

Ψ6n−6 =
β0 (1 − β0ζ1η2) (1 + ζ1η2β3)

(1 + (n − 2) β0ζ1η2) (1 + (n) ζ1η2β3) (1 + (n − 1) β0ζ1η2)
,

Ψ6n−5 =
β2ζ3 (1 + ζ0η1β2)

ζ0 (1 + (n − 1) η1β2ζ3) (1 + (n) ζ0η1β2) (1 + (n) η1β2ζ3)
,

Ψ6n−4 =
η0β1 (1 − β1ζ2η3)

η3 (1 + (n − 1) η0β1ζ2) (1 + (n − 1) β1ζ2η3) (1 + (n) η0β1ζ2)
,

Γ6n−9 = ζ3 (1 + (n − 1) ζ0η1β2) , Γ6n−8 =
ζ2 (1 + (n − 2) β1ζ2η3)

(1 − β1ζ2η3)
,

Γ6n−7 =
ζ1 (1 + (n − 2) β0ζ1η2)

(1 − β0ζ1η2)
, Γ6n−6 = ζ0 (1 + (n − 1) η1β2ζ3) ,

Γ6n−5 =
ζ2η3 (1 + (n − 1) η0β1ζ2)

η0 (1 − β1ζ2η3)
, Γ6n−4 =

β0ζ1 (1 + (n) ζ1η2β3)

β3 (1 − β0ζ1η2)
.

Now, from system (8) we see that

Φ6n−3 =
Φ6n−6Ψ6n−7

Ψ6n−4 (1 + Γ6n−5Φ6n−6Ψ6n−7)

=
[η0 (1 + (n − 1) β1ζ2η3)]

[
β1(1−β1ζ2η3)

(1+(n−2)β1ζ2η3)(1+(n−1)η0β1ζ2)(1+(n−1)β1ζ2η3)

]
[

η0β1(1−β1ζ2η3)
η3(1+(n−1)η0β1ζ2)(1+(n−1)β1ζ2η3)(1+(n)η0β1ζ2)

]
[

1 + ζ2η3(1+(n−1)η0β1ζ2)
η0(1−β1ζ2η3)

η0 (1 + (n − 1) β1ζ2η3)
β1(1−β1ζ2η3)

(1+(n−2)β1ζ2η3)(1+(n−1)η0β1ζ2)(1+(n−1)β1ζ2η3)

]

=

[
1

(1+(n−2)β1ζ2η3)

]
[

1
η3(1+(n−1)β1ζ2η3)(1+(n)η0β1ζ2)

] [
1 + β1ζ2η3

(1+(n−2)β1ζ2η3)

]
=

[
η3(1+(n−1)β1ζ2η3)(1+(n)η0β1ζ2)

(1+(n−2)β1ζ2η3)

]
[
(1+(n−1)β1ζ2η3)
(1+(n−2)β1ζ2η3)

]
Therefore, we can get

Φ6n−3 = η3 (1 + (n) η0β1ζ2) .



Dynamics and Solution Expressions of Nonlinear Difference System 107

Also, it follows from system (8) that

Ψ6n−3 =
Ψ6n−6Γ6n−7

Γ6n−4 (1 + Φ6n−5Ψ6n−6Γ6n−7)

=

[
β0(1−β0ζ1η2)(1+ζ1η2β3)

(1+(n−2)β0ζ1η2)(1+(n)ζ1η2β3)(1+(n−1)β0ζ1η2)

] [
ζ1(1+(n−2)β0ζ1η2)

(1−β0ζ1η2)

]
[

β0ζ1(1+(n)ζ1η2β3)
β3(1−β0ζ1η2)

] [ 1 + η2β3(1+(n−1)β0ζ1η2)
β0(1+ζ1η2β3)

ζ1(1+(n−2)β0ζ1η2)
(1−β0ζ1η2)

β0(1−β0ζ1η2)(1+ζ1η2β3)
(1+(n−2)β0ζ1η2)(1+(n)ζ1η2β3)(1+(n−1)β0ζ1η2)

]

=

[
(1+ζ1η2β3)

(1+(n)ζ1η2β3)(1+(n−1)β0ζ1η2)

]
[
(1+(n)ζ1η2β3)
β3(1−β0ζ1η2)

] [
1 + ζ1η2β3

(1+(n)ζ1η2β3)

]

=

[
β3(1−β0ζ1η2)(1+ζ1η2β3)

(1+(n)ζ1η2β3)(1+(n)ζ1η2β3)(1+(n−1)β0ζ1η2)

]
[
(1+(n+1)ζ1η2β3)
(1+(n)ζ1η2β3)

]
Hence, we get

Ψ6n−3 =
β3 (1 − β0ζ1η2) (1 + ζ1η2β3)

(1 + (n) ζ1η2β3) (1 + (n − 1) β0ζ1η2) (1 + (n + 1) ζ1η2β3)
.

Additionally, we can observe from system (8)

Γ6n−3 =
Γ6n−6Φ6n−7

Φ6n−4(1 − Ψ6n−5Γ6n−6Φ6n−7)

=
[ζ0 (1 + (n − 1) η1β2ζ3)]

[
η1(1+(n)ζ0η1β2)

(1+ζ0η1β2)

]
[

ζ0η1(1+(n)η1β2ζ3)
ζ3(1+ζ0η1β2)

] [ 1 − β2ζ3(1+ζ0η1β2)
ζ0(1+(n−1)η1β2ζ3)(1+(n)ζ0η1β2)(1+(n)η1β2ζ3)

ζ0 (1 + (n − 1) η1β2ζ3)
η1(1+(n)ζ0η1β2)

(1+ζ0η1β2)

]

=
[(1 + (n − 1) η1β2ζ3)] [(1 + (n) ζ0η1β2)][

(1+(n)η1β2ζ3)
ζ3

] [
1 − η1β2ζ3

(1+(n)η1β2ζ3)

]

=
ζ3 (1 + (n − 1) η1β2ζ3) (1 + (n) ζ0η1β2)

(1 + (n) η1β2ζ3)
[
(1+(n−1)η1β2ζ3)
(1+(n)η1β2ζ3)

]
Consequently, we obtain

Γ6n−3 = ζ3 (1 + (n) ζ0η1β2) .

A similar technique can be used to prove the following cases.
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8 Sixth case

In this section, we obtain explicit formulations for the solutions of the following difference
equations system

Φn+1 =
Φn−2Ψn−3

Ψn (1 + Γn−1Φn−2Ψn−3)
,

Ψn+1 =
Ψn−2Γn−3

Γn (1 − Φn−1Ψn−2Γn−3)
, (9)

Γn+1 =
Γn−2Φn−3

Φn(1 + Ψn−1Γn−2Φn−3)
, n = 0, 1, 2, ...,

where the initial conditions Φ−3, Φ−2, Φ−1, Φ0, Ψ−3, Ψ−2, Ψ−1,Ψ0, Γ−3, Γ−2, Γ−1 and Γ0 are
nonzero real numbers.

Theorem 8.1. Assume {Φn, Ψn, Γn}∞
n=−3 is a solution of system (9). Then for n=0,1,2,...,

Φ6n−3 =
η3 (1 − η0β1ζ2) (1 + β1ζ2η3)

(1 + (n) β1ζ2η3) (1 + (n − 1) η0β1ζ2) (1 + (n + 1) β1ζ2η3)
,

Φ6n−2 =
η2 (1 + β0ζ1η2)

(1 + (n) β0ζ1η2) (1 + (n) ζ1η2β3) (1 + (n + 1) β0ζ1η2)
,

Φ6n−1 =
η1 (1 − η1β2ζ3)

(1 + (n − 1) η1β2ζ3) (1 + (n) ζ0η1β2) (1 + (n) η1β2ζ3)
,

Φ6n =
η0 (1 − η0β1ζ2) (1 + β1ζ2η3)

(1 + (n − 1) η0β1ζ2) (1 + (n + 1) β1ζ2η3) (1 + (n) η0β1ζ2)
,

Φ6n+1 =
η2β3 (1 + β0ζ1η2)

β0 (1 + (n) ζ1η2β3) (1 + (n + 1) β0ζ1η2) (1 + (n + 1) ζ1η2β3)
,

Φ6n+2 =
ζ0η1 (1 − η1β2ζ3)

ζ3 (1 + (n) ζ0η1β2) (1 + (n) η1β2ζ3) (1 + (n + 1) ζ0η1β2)
,

Ψ6n−3 = β3 (1 + (n) β0ζ1η2) , Ψ6n−2 =
β2 (1 + (n − 1) η1β2ζ3)

(1 − η1β2ζ3)
,

Ψ6n−1 =
β1 (1 + (n − 1) η0β1ζ2)

(1 − η0β1ζ2)
, Ψ6n = β0 (1 + (n) ζ1η2β3) ,

Ψ6n+1 =
β2ζ3 (1 + (n) ζ0η1β2)

ζ0 (1 − η1β2ζ3)
, Ψ6n+2 =

η0β1 (1 + (n + 1) β1ζ2η3)

η3 (1 − η0β1ζ2)
,

Γ6n−3 = ζ3 (1 + (n) ζ0η1β2) , Γ6n−2 =
ζ2 (1 + (n + 1) β1ζ2η3)

(1 + β1ζ2η3)
,

Γ6n−1 =
ζ1 (1 + (n + 1) β0ζ1η2)

(1 + β0ζ1η2)
, Γ6n = ζ0 (1 + (n) η1β2ζ3) ,
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Γ6n+1 =
ζ2η3 (1 + (n) η0β1ζ2)

η0 (1 + β1ζ2η3)
, Γ6n+2 =

β0ζ1 (1 + (n + 1) ζ1η2β3)

β3 (1 + β0ζ1η2)
,

where Φ−3 = η3, Φ−2 = η2, Φ−1 = η1, Φ0 = η0, Ψ−3 = β3, Ψ−2 = β2, Ψ−1 = β1, Ψ0 = β0, Γ−3 =
ζ3, Γ−2 = ζ2, Γ−1 = ζ1 and Γ0 = ζ0.

Proof. For n = 0 the result holds. Now suppose that n > 0 and our assumption holds for
n − 1, that is;

Φ6n−9 =
η3 (1 − η0β1ζ2) (1 + β1ζ2η3)

(1 + (n − 1) β1ζ2η3) (1 + (n − 2) η0β1ζ2) (1 + (n) β1ζ2η3)
,

Φ6n−8 =
η2 (1 + β0ζ1η2)

(1 + (n − 1) β0ζ1η2) (1 + (n − 1) ζ1η2β3) (1 + (n) β0ζ1η2)
,

Φ6n−7 =
η1 (1 − η1β2ζ3)

(1 + (n − 2) η1β2ζ3) (1 + (n − 1) ζ0η1β2) (1 + (n − 1) η1β2ζ3)
,

Φ6n−6 =
η0 (1 − η0β1ζ2) (1 + β1ζ2η3)

(1 + (n − 2) η0β1ζ2) (1 + (n) β1ζ2η3) (1 + (n − 1) η0β1ζ2)
,

Φ6n−5 =
η2β3 (1 + β0ζ1η2)

β0 (1 + (n − 1) ζ1η2β3) (1 + (n) β0ζ1η2) (1 + (n) ζ1η2β3)
,

Φ6n−4 =
ζ0η1 (1 − η1β2ζ3)

ζ3 (1 + (n − 1) ζ0η1β2) (1 + (n − 1) η1β2ζ3) (1 + (n) ζ0η1β2)
,

Ψ6n−9 = β3 (1 + (n − 1) β0ζ1η2) , Ψ6n−8 =
β2 (1 + (n − 2) η1β2ζ3)

(1 − η1β2ζ3)
,

Ψ6n−7 =
β1 (1 + (n − 2) η0β1ζ2)

(1 − η0β1ζ2)
, Ψ6n−6 = β0 (1 + (n − 1) ζ1η2β3) ,

Ψ6n−5 =
β2ζ3 (1 + (n − 1) ζ0η1β2)

ζ0 (1 − η1β2ζ3)
, Ψ6n−4 =

η0β1 (1 + (n) β1ζ2η3)

η3 (1 − η0β1ζ2)
,

Γ6n−9 = ζ3 (1 + (n − 1) ζ0η1β2) , Γ6n−8 =
ζ2 (1 + (n) β1ζ2η3)

(1 + β1ζ2η3)
,

Γ6n−7 =
ζ1 (1 + (n) β0ζ1η2)

(1 + β0ζ1η2)
, Γ6n−6 = ζ0 (1 + (n − 1) η1β2ζ3) ,

Γ6n−5 =
ζ2η3 (1 + (n − 1) η0β1ζ2)

η0 (1 + β1ζ2η3)
, Γ6n−4 =

β0ζ1 (1 + (n) ζ1η2β3)

β3 (1 + β0ζ1η2)
,

Now, we find from system (9) that

Φ6n−3 =
Φ6n−6Ψ6n−7

Ψ6n−4 (1 + Γ6n−5Φ6n−6Ψ6n−7)



110 F. Al-Rakhami and E. Elsayed

=

[
η0(1−η0β1ζ2)(1+β1ζ2η3)

(1+(n−2)η0β1ζ2)(1+(n)β1ζ2η3)(1+(n−1)η0β1ζ2)

] [
β1(1+(n−2)η0β1ζ2)

(1−η0β1ζ2)

]
[

η0β1(1+(n)β1ζ2η3)
η3(1−η0β1ζ2)

] [ 1 + ζ2η3(1+(n−1)η0β1ζ2)
η0(1+β1ζ2η3)

β1(1+(n−2)η0β1ζ2)
(1−η0β1ζ2)

η0(1−η0β1ζ2)(1+β1ζ2η3)
(1+(n−2)η0β1ζ2)(1+(n)β1ζ2η3)(1+(n−1)η0β1ζ2)

]

=

[
(1+β1ζ2η3)

(1+(n)β1ζ2η3)(1+(n−1)η0β1ζ2)

]
[
(1+(n)β1ζ2η3)
η3(1−η0β1ζ2)

] [
1 + β1ζ2η3

(1+(n)β1ζ2η3)

]
=

[
η3(1−η0β1ζ2)(1+β1ζ2η3)

(1+(n)β1ζ2η3)(1+(n)β1ζ2η3)(1+(n−1)η0β1ζ2)

]
[
(1+(n+1)β1ζ2η3)
(1+(n)β1ζ2η3)

]
Then, we obtain

Φ6n−3 =
η3 (1 − η0β1ζ2) (1 + β1ζ2η3)

(1 + (n) β1ζ2η3) (1 + (n − 1) η0β1ζ2) (1 + (n + 1) β1ζ2η3)
.

In a similar manner, we employ the same previous procedure to investigate the solution

Ψ6n−3 =
Ψ6n−6Γ6n−7

Γ6n−4 (1 − Φ6n−5Ψ6n−6Γ6n−7)

=
[β0 (1 + (n − 1) ζ1η2β3)]

[
ζ1(1+(n)β0ζ1η2)

(1+β0ζ1η2)

]
[

β0ζ1(1+(n)ζ1η2β3)
β3(1+β0ζ1η2)

] [ 1 − η2β3(1+β0ζ1η2)
β0(1+(n−1)ζ1η2β3)(1+(n)β0ζ1η2)(1+(n)ζ1η2β3)

β0 (1 + (n − 1) ζ1η2β3)
ζ1(1+(n)β0ζ1η2)

(1+β0ζ1η2)

]

=
[(1 + (n − 1) ζ1η2β3)] [(1 + (n) β0ζ1η2)][

(1+(n)ζ1η2β3)
β3

] [
1 − ζ1η2β3

(1+(n)ζ1η2β3)

]
=

β3 (1 + (n − 1) ζ1η2β3) (1 + (n) β0ζ1η2)

(1 + (n) ζ1η2β3)
[
(1+(n−1)ζ1η2β3)
(1+(n)ζ1η2β3)

]
Then, we obtain

Ψ6n−3 = β3 (1 + (n) β0ζ1η2) .

In a similar manner, we have from system (9) that

Γ6n−3 =
Γ6n−6Φ6n−7

Φ6n−4(1 + Ψ6n−5Γ6n−6Φ6n−7)

=
[ζ0 (1 + (n − 1) η1β2ζ3)]

[
η1(1−η1β2ζ3)

(1+(n−2)η1β2ζ3)(1+(n−1)ζ0η1β2)(1+(n−1)η1β2ζ3)

]
[

ζ0η1(1−η1β2ζ3)
ζ3(1+(n−1)ζ0η1β2)(1+(n−1)η1β2ζ3)(1+(n)ζ0η1β2)

]
[

1 + β2ζ3(1+(n−1)ζ0η1β2)
ζ0(1−η1β2ζ3)

ζ0 (1 + (n − 1) η1β2ζ3)
η1(1−η1β2ζ3)

(1+(n−2)η1β2ζ3)(1+(n−1)ζ0η1β2)(1+(n−1)η1β2ζ3)

]

=

[
1

(1+(n−2)η1β2ζ3)

]
[

1
ζ3(1+(n−1)η1β2ζ3)(1+(n)ζ0η1β2)

] [
1 + η1β2ζ3

(1+(n−2)η1β2ζ3)

]
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=

[
ζ3(1+(n−1)η1β2ζ3)(1+(n)ζ0η1β2)

(1+(n−2)η1β2ζ3)

]
[
(1+(n−1)η1β2ζ3)
(1+(n−2)η1β2ζ3)

]
Consequently, we obtain

Γ6n−3 = ζ3 (1 + (n) ζ0η1β2) .

Similarly, by using the same method, we can investigate other relations.

9 Seventh case

In this section, we get explicit formulations for the solutions of the following system of
difference equations

Φn+1 =
Φn−2Ψn−3

Ψn (1 − Γn−1Φn−2Ψn−3)
,

Ψn+1 =
Ψn−2Γn−3

Γn (1 + Φn−1Ψn−2Γn−3)
, (10)

Γn+1 =
Γn−2Φn−3

Φn(1 + Ψn−1Γn−2Φn−3)
, n = 0, 1, 2, ...,

where the initial conditions Φ−3, Φ−2, Φ−1, Φ0, Ψ−3, Ψ−2, Ψ−1,Ψ0, Γ−3, Γ−2, Γ−1 and Γ0 are
nonzero real numbers.

Theorem 9.1. Assume {Φn, Ψn, Γn}∞
n=−3 is a solution of system (10). Then for n=0,1,2,...,

Φ6n−3 = η3 (1 + (n) η0β1ζ2) , Φ6n−2 =
η2 (1 + (n − 1) ζ1η2β3)

(1 − ζ1η2β3)
,

Φ6n−1 =
η1 (1 + (n − 1) ζ0η1β2)

(1 − ζ0η1β2)
, Φ6n = η0 (1 + (n) β1ζ2η3) ,

Φ6n+1 =
η2β3 (1 + (n) β0ζ1η2)

β0 (1 − ζ1η2β3)
, Φ6n+2 =

ζ0η1 (1 + (n + 1) η1β2ζ3)

ζ3 (1 − ζ0η1β2)
,

Ψ6n−3 = β3 (1 + (n) β0ζ1η2) , Ψ6n−2 =
β2 (1 + (n + 1) η1β2ζ3)

(1 + η1β2ζ3)
,

Ψ6n−1 =
β1 (1 + (n + 1) η0β1ζ2)

(1 + η0β1ζ2)
, Ψ6n = β0 (1 + (n) ζ1η2β3) ,

Ψ6n+1 =
β2ζ3 (1 + (n) ζ0η1β2)

ζ0 (1 + η1β2ζ3)
, Ψ6n+2 =

η0β1 (1 + (n + 1) β1ζ2η3)

η3 (1 + η0β1ζ2)
,

Γ6n−3 =
ζ3 (1 − ζ0η1β2) (1 + η1β2ζ3)

(1 + (n) η1β2ζ3) (1 + (n − 1) ζ0η1β2) (1 + (n + 1) η1β2ζ3)
,
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Γ6n−2 =
ζ2 (1 + η0β1ζ2)

(1 + (n) η0β1ζ2) (1 + (n) β1ζ2η3) (1 + (n + 1) η0β1ζ2)
,

Γ6n−1 =
ζ1 (1 − ζ1η2β3)

(1 + (n − 1) ζ1η2β3) (1 + (n) β0ζ1η2) (1 + (n) ζ1η2β3)
,

Γ6n =
ζ0 (1 − ζ0η1β2) (1 + η1β2ζ3)

(1 + (n − 1) ζ0η1β2) (1 + (n + 1) η1β2ζ3) (1 + (n) ζ0η1β2)
,

Γ6n+1 =
ζ2η3 (1 + η0β1ζ2)

η0 (1 + (n) β1ζ2η3) (1 + (n + 1) η0β1ζ2) (1 + (n + 1) β1ζ2η3)
,

Γ6n+2 =
β0ζ1 (1 − ζ1η2β3)

β3 (1 + (n) β0ζ1η2) (1 + (n) ζ1η2β3) (1 + (n + 1) β0ζ1η2)
,

where Φ−3 = η3, Φ−2 = η2, Φ−1 = η1, Φ0 = η0, Ψ−3 = β3, Ψ−2 = β2, Ψ−1 = β1, Ψ0 = β0, Γ−3 =
ζ3, Γ−2 = ζ2, Γ−1 = ζ1 and Γ0 = ζ0.

Proof. For n = 0 the result holds. Now suppose that n > 0 and our assumption holds for
n − 1, that is;

Φ6n−9 = η3 (1 + (n − 1) η0β1ζ2) , Φ6n−8 =
η2 (1 + (n − 2) ζ1η2β3)

(1 − ζ1η2β3)
,

Φ6n−7 =
η1 (1 + (n − 2) ζ0η1β2)

(1 − ζ0η1β2)
, Φ6n−6 = η0 (1 + (n − 1) β1ζ2η3) ,

Φ6n−5 =
η2β3 (1 + (n − 1) β0ζ1η2)

β0 (1 − ζ1η2β3)
, Φ6n−4 =

ζ0η1 (1 + (n) η1β2ζ3)

ζ3 (1 − ζ0η1β2)
,

Ψ6n−9 = β3 (1 + (n − 1) β0ζ1η2) , Ψ6n−8 =
β2 (1 + (n) η1β2ζ3)

(1 + η1β2ζ3)
,

Ψ6n−7 =
β1 (1 + (n) η0β1ζ2)

(1 + η0β1ζ2)
, Ψ6n−6 = β0 (1 + (n − 1) ζ1η2β3) ,

Ψ6n−5 =
β2ζ3 (1 + (n − 1) ζ0η1β2)

ζ0 (1 + η1β2ζ3)
, Ψ6n−4 =

η0β1 (1 + (n) β1ζ2η3)

η3 (1 + η0β1ζ2)
,

Γ6n−9 =
ζ3 (1 − ζ0η1β2) (1 + η1β2ζ3)

(1 + (n − 1) η1β2ζ3) (1 + (n − 2) ζ0η1β2) (1 + (n) η1β2ζ3)
,

Γ6n−8 =
ζ2 (1 + η0β1ζ2)

(1 + (n − 1) η0β1ζ2) (1 + (n − 1) β1ζ2η3) (1 + (n) η0β1ζ2)
,

Γ6n−7 =
ζ1 (1 − ζ1η2β3)

(1 + (n − 2) ζ1η2β3) (1 + (n − 1) β0ζ1η2) (1 + (n − 1) ζ1η2β3)
,

Γ6n−6 =
ζ0 (1 − ζ0η1β2) (1 + η1β2ζ3)

(1 + (n − 2) ζ0η1β2) (1 + (n) η1β2ζ3) (1 + (n − 1) ζ0η1β2)
,
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Γ6n−5 =
ζ2η3 (1 + η0β1ζ2)

η0 (1 + (n − 1) β1ζ2η3) (1 + (n) η0β1ζ2) (1 + (n) β1ζ2η3)
,

Γ6n−4 =
β0ζ1 (1 − ζ1η2β3)

β3 (1 + (n − 1) β0ζ1η2) (1 + (n − 1) ζ1η2β3) (1 + (n) β0ζ1η2)
,

Now, we prove that the results are holds for n. From system (10), it follows that

Φ6n−3 =
Φ6n−6Ψ6n−7

Ψ6n−4 (1 − Γ6n−5Φ6n−6Ψ6n−7)

=
[η0 (1 + (n − 1) β1ζ2η3)]

[
β1(1+(n)η0β1ζ2)

(1+η0β1ζ2)

]
[

η0β1(1+(n)β1ζ2η3)
η3(1+η0β1ζ2)

] [ 1 − ζ2η3(1+η0β1ζ2)
η0(1+(n−1)β1ζ2η3)(1+(n)η0β1ζ2)(1+(n)β1ζ2η3)

η0 (1 + (n − 1) β1ζ2η3)
β1(1+(n)η0β1ζ2)

(1+η0β1ζ2)

]

=
[(1 + (n − 1) β1ζ2η3)] [(1 + (n) η0β1ζ2)][

(1+(n)β1ζ2η3)
η3

] [
1 − β1ζ2η3

(1+(n)β1ζ2η3)

]
=

η3 (1 + (n − 1) β1ζ2η3) (1 + (n) η0β1ζ2)

[(1 + (n) β1ζ2η3)]
[
(1+(n−1)β1ζ2η3)
(1+(n)β1ζ2η3)

]
So, we have

Φ6n−3 = η3 (1 + (n) η0β1ζ2) .

Similarly, by using the same method, we can investigate the relations

Ψ6n−3 =
Ψ6n−6Γ6n−7

Γ6n−4 (1 + Φ6n−5Ψ6n−6Γ6n−7)

=
[β0 (1 + (n − 1) ζ1η2β3)]

[
ζ1(1−ζ1η2β3)

(1+(n−2)ζ1η2β3)(1+(n−1)β0ζ1η2)(1+(n−1)ζ1η2β3)

]
[

β0ζ1(1−ζ1η2β3)
β3(1+(n−1)β0ζ1η2)(1+(n−1)ζ1η2β3)(1+(n)β0ζ1η2)

]
[

1 + η2β3(1+(n−1)β0ζ1η2)
β0(1−ζ1η2β3)

β0 (1 + (n − 1) ζ1η2β3)
ζ1(1−ζ1η2β3)

(1+(n−2)ζ1η2β3)(1+(n−1)β0ζ1η2)(1+(n−1)ζ1η2β3)

]

=

[
1

(1+(n−2)ζ1η2β3)

]
[

1
β3(1+(n−1)ζ1η2β3)(1+(n)β0ζ1η2)

] [
1 + ζ1η2β3

(1+(n−2)ζ1η2β3)

]

=

[
β3(1+(n−1)ζ1η2β3)(1+(n)β0ζ1η2)

(1+(n−2)ζ1η2β3)

]
[
(1+(n−1)ζ1η2β3)
(1+(n−2)ζ1η2β3)

]
Hence, we obtain

Ψ6n−3 = β3 (1 + (n) β0ζ1η2) .

In a similar manner, we employ the same previous procedure to investigate the solution

Γ6n−3 =
Γ6n−6Φ6n−7

Φ6n−4(1 + Ψ6n−5Γ6n−6Φ6n−7)
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=

[
ζ0(1−ζ0η1β2)(1+η1β2ζ3)

(1+(n−2)ζ0η1β2)(1+(n)η1β2ζ3)(1+(n−1)ζ0η1β2)

] [
η1(1+(n−2)ζ0η1β2)

(1−ζ0η1β2)

]
[

ζ0η1(1+(n)η1β2ζ3)
ζ3(1−ζ0η1β2)

] [ 1 + β2ζ3(1+(n−1)ζ0η1β2)
ζ0(1+η1β2ζ3)

η1(1+(n−2)ζ0η1β2)
(1−ζ0η1β2)

ζ0(1−ζ0η1β2)(1+η1β2ζ3)
(1+(n−2)ζ0η1β2)(1+(n)η1β2ζ3)(1+(n−1)ζ0η1β2)

]

=

[
(1+η1β2ζ3)

(1+(n)η1β2ζ3)(1+(n−1)ζ0η1β2)

]
[
(1+(n)η1β2ζ3)
ζ3(1−ζ0η1β2)

] [
1 + η1β2ζ3

(1+(n)η1β2ζ3)

]
=

[
ζ3(1−ζ0η1β2)(1+η1β2ζ3)

(1+(n)η1β2ζ3)(1+(n)η1β2ζ3)(1+(n−1)ζ0η1β2)

]
[
(1+(n+1)η1β2ζ3)
(1+(n)η1β2ζ3)

]
So, we can get

Γ6n−3 =
ζ3 (1 − ζ0η1β2) (1 + η1β2ζ3)

(1 + (n) η1β2ζ3) (1 + (n − 1) ζ0η1β2) (1 + (n + 1) η1β2ζ3)
.

Similarly to that, we can investigate other relations by using the same methodology.

10 Numerical examples

In this section, we provide several numerical examples that reflect various types of system
(1) solutions in order to complement our theoretical discussion as well as to illustrate our
previous results.

Example 1. Figure 1 depicts the numerical solution of system (3) under the initial condi-
tions Φ−3 = 5, Φ−2 = 12, Φ−1 = 7, Φ0 = 10, Ψ−3 = 1.9, Ψ−2 = 7, Ψ−1 = 4, Ψ0 = 5.6, Γ−3 =
0.9, Γ−2 = 0.2, Γ−1 = 1.8 and Γ0 = 0.6.
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Figure 1: Plotting numerical solutions of system (3).

Example 2. Here, we demonstrate how system (5) can be solved numerically with the
initial conditions are Φ−3 = 1.5, Φ−2 = 5.12, Φ−1 = 2.7, Φ0 = 3.1, Ψ−3 = 3.9, Ψ−2 = 7, Ψ−1 =
4.5, Ψ0 = 8.6, Γ−3 = 0.9, Γ−2 = 0.2, Γ−1 = 0.8 and Γ0 = 0.6.



Dynamics and Solution Expressions of Nonlinear Difference System 115

0 20 40 60 80 100
−1

0

1

2

3

4

5

6

7

8

9

n

Φ
(n

) 
, Ψ

(n
) 

, Γ
(n

)

 

 
Φ(n)
Ψ(n)
Γ(n)

Figure 2: Plotting numerical solutions of system (5).

Example 3. Figure 3 indicating that the solution of system (6) is periodic when the
initial values are Φ−3 = 4.5, Φ−2 = 1.2, Φ−1 = 3.4, Φ0 = 6.5, Ψ−3 = 2.5, Ψ−2 = −2.7, Ψ−1 =
1.5, Ψ0 = −5.6, Γ−3 = −3.9, Γ−2 = 2.2, Γ−1 = −1.8 and Γ0 = 5.6.
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Figure 3: Plotting numerical solutions of system (6).

Example 4. For system (7) the initial conditions are set as follows: Φ−3 = −2.5, Φ−2 =
8.2, Φ−1 = −1.4, Φ0 = 4.5, Ψ−3 = −2.5, Ψ−2 = 4.7, Ψ−1 = −1.5, Ψ0 = 1.6, Γ−3 = 5, Γ−2 =
−2.2, Γ−1 = 3.8 and Γ0 = −1.6, we observe that the solutions are periodic with period 12, the
results shown in Figure 4.
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Figure 4: Plotting numerical solutions of system (7).

Example 5. To illustrate the numerical solution of system (8), we use the initial conditions as
follows: Φ−3 = 1.5, Φ−2 = 5.5, Φ−1 = 2.7, Φ0 = −0.5, Ψ−3 = 4.8, Ψ−2 = 0.5, Ψ−1 = 2.4, Ψ0 =
0.9, Γ−3 = 3.8, Γ−2 = −1.2, Γ−1 = 0.8 and Γ0 = 1.6, the results shown in Figure 5.
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Figure 5: Plotting numerical solutions of system (8).

Example 6. In numerical simulation, we assumed that for system (9) the initial values are
Φ−3 = −1.8, Φ−2 = 4.1, Φ−1 = 2.5, Φ0 = 7, Ψ−3 = −1.9, Ψ−2 = 1.7, Ψ−1 = −3.1, Ψ0 =
2.6, Γ−3 = 3.9, Γ−2 = 2.2, Γ−1 = 0.8 and Γ0 = 1.6. Then the solution appear in Figure 6.
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Figure 6: Plotting numerical solutions of system (9).

Example 7. Numerically when the initial values are Φ−3 = 5.1, Φ−2 = 1.9, Φ−1 = 6.8, Φ0 =
0.2, Ψ−3 = 2.1, Ψ−2 = 0.2, Ψ−1 = 3.9, Ψ0 = 1.6, Γ−3 = 1.9, Γ−2 = 0.2, Γ−1 = 1.8 and Γ0 = 0.6.
Figure 7 shows the results of system (10).
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Figure 7: Plotting numerical solutions of system (10).

11 Conclusions

Analyzing the dynamics of systems in higher dimensions is a very fascinating mathemat-
ical issue. In this article, we have found the expressions of solutions in some special cases as
applications of rational difference systems of order four. First, in case 1, we have investigated
the solutions qualitative behavior is explored of system 2, such as local stability. Also, we
have obtained the general form of the solution of system 3 and proven that the solution is
bounded. After that, in cases 2,3,4,5.6 and 7, we have obtained expressions of solutions of
six special cases of the studied system 5,6,7,8,9 and 10. In systems 6 and 7, we discovered
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that the system’s solutions are periodic. Finally, to support our results, we provided some
illustrative numerical examples.
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