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source term and p(x,t)— Laplacian operator in the
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Abstract. In this paper, the blow-up of solutions for the following Dirichlet-Neumann
problem to initial nonlinear viscoelastic plate equation with a lower order perturbation
of p(x,t)-Laplacian operator in the presence of time delay is obtained

ot
g + A%u + Dt — / g(t—8)A%u () ds — uy Aus — poAus(t —7) = u |u|q72.
, Jo

Under suitable conditions on g and the variable exponent of the p(x,f)— Laplacian
operator, we prove that any weak solution with nonpositive initial energy as well as
positive initial energy blows up in a finite time.

Keywords: Blow-up, time delay, viscoelasticity, plate equation, nonstandard growth
conditions, anisotropy.
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1 Introduction

In this paper, we consider the Dirichlet-Neumann problem to the following initial nonlinear
viscoelastic plate equation with a lower order perturbation of p(x, t)-Laplacian operator and
delay:

uy + Nu — Aj(xpytt — fotg(t —5)A%u (s) ds — p1Auy

—pAuy(t—7) = u|u|"?, x€0O,t>0,

u=9" =0, x €00,t >0, (1.1)
u(x,0) =uo(x),u (x,0) = uy(x), xe0,

ur(x,t—7) = fo(x, t—1), xeO,te(0,1),

where Q) is a bounded domain in RN, n > 2 with Lipschitz-continuous boundary I' = 0(),
and g > 2 is a positive constant
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is the 7 (x, t)-Laplacian operator. The constant i is positive and y; is a real number, T > 0
represents the time delay, ¢ > 0 is a memory kernel and f is the forcing term.
In the absence of the viscoelastic term and delay term (¢ = 0 and pp = 0), and with the

usual p—Laplacian operator A,u = div (\Vu|p_2 Vu), (p > 2) the equation in (1.1) reduces to
the fourth order wave equation

U + Nuy + div (|Vu]p_2 Vu) —eAuy = f(x,t,u,uy), (1.2)

which describes elastoplastic-microstructure flows. The problem (1.2) has been extensively
studied (see [5,6,24]), and results concerning solutions existence, nonexistence, and long-time
behavior have been proved.

The problem (1.2) without damping or forcing terms is related to the elastoplastic-microstructure
models for longitudinal motion of an elastoplastic bar there arises the model equation

Ut + Uxxxx = +a (ugzc)x +f (X) ’

where a < 0 is a constant (see [5]). I. Chueshov and I. Lasiecka in [8,9] discussed
g + AN*u + div (\Vu\z Vu) —kuy = oA(W?) + f (u),

and proved the existence of finite-dimensional global attractors. When € = 0 and in the pres-
ence of the viscoelastic term (g # 0) in (1.2), Jorge Silva and Ma [13], established exponential
stability of solutions under the condition

g'(t) < —cg(t), ¥Vt >0, c > 0.

Andrade and al. [1] proved exponential stability of solutions for the plate equation with finite
memory and p-Laplacian. In the presence of the Kelvin—Voigt type dissipation (e # 0). In
[18], Nakao obtained the existence of a global decaying solution for wave the equation with
Kelvin—Voigt dissipation and a derivative nonlinearity. Pukach et al. [19] established sufficient
conditions of the nonexistence of solution for a nonlinear hyperbolic equation with memory
generalizing the Voigt-Kelvin model. Recently, Cavalcanti et al. [3] considered intrinsic decay
rates for the energy of a nonlinear viscoelastic equation modeling the vibrations of thin rods
with variable density.

In [2,11], the authors improved the results from [1] by establishing local and global ex-
istence, as well as the uniqueness of the weak solution u(x,t) to problem (1.1). To be more
important, the authors of [2] and [11] established the local and global existence, uniqueness
of weak solutions and the asymptotic behavior of solutions.

Time delays so often arise in many physical, chemical, biological, thermal, and economic
phenomena because these phenomena depend not only on the present state but also on the
system’s history in a more complicated way. In recent years, many works have been published
concerning the wave equation with delay. Kafini and Messaoudi [14] considered the following
nonlinear wave equation with delay

w — dio(|Vu|" "2V u) + prus + pous(t — 7) = blulP~2u.

They proved the blow-up result of solutions with negative initial energy and p > m. Later,
Kafini, Messaoudi, and Nicaise [15] considered the blow-up of solutions with negative initial
energy for the second-order abstract evolution system with delay. Motivated by previous
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works, we study the blow-up of solutions. Recently, Shun-Tang WU [23] investigated the
following nonlinear viscoelastic problem with delay

t
|ut]putt—Au—Autt—/O Q(t—s)Au (s)ds + prus + pou(t — 7) = b|u\”_2u.

He proved the blow-up result with nonpositive and positive initial energy by modifying
the method in [14,15]. Motivated by previous works. Moreover, we can mention some new
related works (see [20]). In this paper, we investigate the problem (1.1) and prove a finite-time
blow-up result of solutions. We will see that the direct method introduced and developed
by Georgiev and Todorova [12], in 1994, and Salim A. Messaoudi [17] is efficient in our case.
Combining this method with some necessary modifications due to the nature of the problem
treated here. Our paper is organized as follows: in the next section, we prepare some material
needed in our proofs. Section 3 is devoted to the statement and proof of the finite-time blow-
up result.

1< p; =const < p;(x,t) =p(x) < p; = const <oo,|py| < Cp,i=1,..,n. (1.3)

2 The functions space
Let O C R", n > 2 be a bounded domain with Lipschitz-continuous boundary I' = 9Q, g > 2
is a positive constant. We denote by Ci° ((2) the space of infinitely differentiable functions

with a compact support contained in Q). The inner products and norms in L? (Q0) and H} (Q)
are represented by (.,.), ||.|| respectively and they are given by

(1,0)q = [ u(@o(x)dx and ulfzq) = [Vulho = [ wdx,

Iuliig) = IVuli3a = [ 1VuP ax

We recall some known facts from the theory of the Sobolev spaces with variable exponent
(see [4,10]). Let LP() (Q) be the set of measurable functions f on Q) such that

Apy (f) = /0 If ()P dx < co.
The set LF() (Q)) equipped with the Luxemburg norm

1fllo.a = [fll0 = inf{)\ >0, A, <£) < 1}

is a Banach space. Let us list some basic properties of the spaces LP() (Q)) used in the rest of
this paper. It follows directly from the definition of the norm that

. - + - +
min ([I£115 1715 ) < Apy (F) < max (I£115 IIFIE ) )

where

p=infp(x), (¢) =iafp'(0). 0 = iy
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We have following Holder-type inequality

1 1
/Q fgldx < (P_ + (p’)) 1A 1oy 18Tl
< 20 fllpey N8l

which holds for all f € LP0) (Q),g € LF') (Q) with p(x) € (1,0). The Sobolev space
WS”’(')(Q) with p(x) € [p~, p*] C (1,00) is defined by

W&’p(')(ﬂ) {u e LP0(Q) : [Vul'™ € L1 (Q),u =0 on BQ},
@.1)
g0y = e Dl + il
Let p(x) be log-continuous in Q, Vx,y € Q such that |x — y| < 3
. T 1
lp(x) —p(y)| < w (|x —y|) with lim:_o, <w (1) In T) =C<oo (2.2)

¢ Throughout the paper we use the following properties of the functions from the spaces
Lp()
W, (Q) :

e if condition (2.2) is fulfilled, then C§° (Q2) is dense in Wé’p(') (Q)) and the space Wé’p © (Q)
can be defined as the closure of C° (Q)) with respect to the norm (2.1) see [3,11,22,27],

o if p(x) € C°(Q), the the space W&’p Q) is separable and reflexive,

e if 1 < gq(x) <supgq(x) < infq p4(x) with

_ 2 1fp<>
p+(x)—{ ooff(;( ) <

then the embedding Wé’p © (Q) — L10) (Q) is continuous and compact if g < p. (x).

3 Anisotropic spaces of functions depending on x and ¢

Consider the cylinder
Qr={z=(xt):x€Q,t€[0,T]}

of a definite height T. Wherever it doesn’t cause a confusion, we will use the notation z = (x, t)
for the points of the cylinder Qr and drop the sub-indexT. The lateral boundary of the
cylinder QisT =9Q x (0, T). If X is a Banach space, then we denote by L¥ (0,T,X),1 < p <
oo the Banach space of measurable vector valued functions u : (0,T) — X, such that

oy = | I Hidt] A<p<es,

()l Lo, x) = ess sup [u(t)][x, p = oo.
0<t<T

We will use the following function spaces (see [3,4])

W =W (Qr) = {u cue L2 (0,T,H3 (Q)) ;u € [2 (0,T,H3 (Q))},
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W® =W*(Qr) ={u:u€W(Qr);u€L®(0,T,Hj(Q));u €L (0,T,L*(Q))}
endowed with the norms
H”HW(Q) = HuHW(QT) + H”HLOO(O,T,Hg(Q)) + HuHL‘X’(O,T,LZ(Q))

Note that ||ul],y() may be used in the equivalent form

H”HW(Q) = H”HLZ(Q) + HA”HLZ(Q) + HvufHLZ(Q)‘

Let p(z) = 7 = (p1(2), ..., pu(2)) be a vector-valued function defined on Q = Qr. We assume
that the components of p(z) satisfy the conditions

pi(z) are measurable functions defined on Q;
Pi(z) : Q — (1100)/
there exist constants p7-, p¥such that

pi(z) € [pr, P Clp Pl C(1,00).

(3.1)

For every fixed t € (0, T), we introduce the anisotropic Banach space
Vi) = {u(x)u() e 2@ nwit(Q), Du (0" e L)},

n

lullvyay = [llon + Y Dl 00+ Aull,q -
i=1

The elements of the space V; (Q2) depend on ¢ € (0, T)as a parameter and the norms |||y, ¢,

are functions of t by V/ (Q) we denote the dual space to V; (Q)) with respect to the scalar

product in L? (Q)).

For every t € (0, T) the inclusion

Vi(Q) c X=W" (Q)NL*(Q),

holds. Thus, V; (Q)) is reflexive and separable as a closed subspace of X.
By W+ (Q) we denote the Banach space

W (Q) = {u :(0,T) — Vi (Q) ’u € L2(Q), |Diu (x)[P* ¢ LV (Q),u=0 onr},
||”Hw7(Q) = |lullyo+ ; [Ditt]l .(),0-

/
(W7 (Q)) is the dual of W; (Q) (the space of linear functionals over W (Q)). We have the
following characterization

! 3 (wo, Wi, ..., wy) ,wo € L2 (Q),w; € LPiO) (Q),
we <W7 (Q)) & { Yo eW(Q) (w ) = fo (wop + Ty wiDig)) dz.

The norm in W’ (Q) is defined by

Il = sup { (9} | € W(Q) I ¢llwq) <1}
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Let v = (v, ..., Un) be a vector-valued function defined in Q. Assume that p; (z) satisfy condi-
tions 3.1. Introduce the modular

n
Ap(.)(’()) — ;/Q ’UZ.‘Pi(Z) dz.

For the elements of W (Q) the following inequality

o " - & +
min {Z | Dju ”;IZ,-(.,.),Q ;) |IDju ”Z,-(.,J,Q}
i=1 i=1

n _ n n
< AP(.,_),Q(VM) < max {Z_Z; ||Diu||§i(.,.),Q ,; ||Diu||§i(./.),Q} , (32)
holds. We also use the space

WS (Q) = {u Lu € W (Q), Jug [P € L (o, T, L! (Q)) }

Note that
2n

W= (Q) S W5 (Q) ifp' < .

We introduce also the functional space

U (Q) = W(Q)nWy (Q),

endowed with the norm
[l uo) = llullwig) + HMHW?(Q)/
and

U™ (Q) = W™ (Q) N W3 (Q).

For the exponents p;(x,t) depending on (x,t) € Q we will use the notation p; € Ciog (Q) if p;
satisfies condition (3.1) in the cylinder Q and

such that |x —y| + [t — 7| < 3,
pi(z) = pi(2)] < w (|2 = E)

with a continuous function w satisfying the condition

Ciog (Q) = {pi e C’(Q) (33)

Vz=(x1),0=(y,71) €Q }

lim,__p+w (T) 1n% =C < +oo.

4 Statement of the problem

We consider a class of nonlinear viscoelastic plate equations with delay and with p(x,t)-
Laplacian type

i+ 8% (1) — Ay — fi g(t — )% (5) ds — jndus(t) )
—uaAz (1, 1) :u|u]q72, in QO x RT, '
ou . n
u=-—=0,indQ xR", 4.2)

ov
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u(x,0) = up(x),us (x,0) =ui(x), x € Q, (4.3)
ur(x,t—7) = fo(x,t—1),in (0,7), (4.4)

here y; is a positive constant, y is a real number, T > 0 represents the time delay, and g is a
positive function.

ou
axi

pi(xt)=2 gy
axl> ’ ? - (pl: P2, ., Pn) s

under conditions
1 <p; =const < p;(x,t) =p(x) <p =const <q<oo,|py| <Cp,i=1,..,n. (4.5)

Assume that ¢ : R4 — IR} is a nonincreasing and differentiable function satisfying

2(0) > 0,¢(s) > 0,1 — / g(s)ds =7 >0, 4.6)
0
and that yq and p» satisfy
2| < 1, (4.7)
let B > 0 be the constant satisfying
lll, < BlIVvll. (4.8)
By using the direct calculations, we have
t 1d t )
| st =s) (Bui (t), 8u () ds = 553 (gosu) (1) ( [ g(s)ds ) 1au]
1 , 1,
=580 [[Au]” + 5 (¢ o du) (1), (49)

where
(g08u) (1) = [ g(t=s) [1Bu(s) = Bu (1) ds

We refer the reader to the work of Nicaise and Pignotti [19] for the existence of solutions to
nonlinear problems with delay. Let us introduce the function

z(x,p,t) =us(x,t —70),x € Q,pe(0,1),t>0.

Then, the problem (4.1)-(4.4) is equivalent to

i+ 020 (8) — Agopy — J1 @(t—5)0% (5) ds — puAus(t) — itz (1,8) = uful”™2,
Tzt (x,0,t) + 2o (x,0,t) =0, in (0,1) x (0,00),
z(0,t) = u(t), in (0,00),
2(0,0) = fo (=tp), in (0,1),
u:g—f/‘:O, on 9Q) x (0,00),
u(x,0) =ug (x), ur(x,0) = ug (x), in Q).

(4.10)

We first state a local existence theorem that can be established by combining the arguments
of related works [7,8].
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Theorem 4.1. Let (4.6) and (4.7) hold and suppose that

2<pi<g<oo forn=1,2.
2<pr<p<p<q< 2 forn>3 @11)
Then, for every (ug,u1) € H§ (Q) x L?(Q), fo € L2 (Q x (0,1)), there exists a unique local
solution in the class u € C ([0,T); H} (Q)),u; € C([0,T);L*(Q)) NL*(Q2 x [0, T)) for some

T > 0 Our aim is to investigate a blow-up result for problem (4.10). We define the energy
associated with problem (4.10) by

B0 = gl B+ (1 [ seas) fauld+ 3 [ L as
o2 272 og 2 =/ pi 5
1 1 1
3 (ot ()45 [ 1920l do— T fuls, 412)

where
Tlu2| <& <T(2p1 — |pal) - (4.13)
Note that this choice of { is possible from Assumption (4.7).

Lemma 4.2. For u is the solution of (4.10), then there exists Cy > 0 such that

1
E(1) < —Co (IVull* + V2 (LOI) — 25(6) |Aul>+ 5 (g0 du) () <O @14)
Proof. Multiplying (4.10) by u; and using (4.9), we obtain

S {3 0N+ 3 (1= [ 8()ds) [ Aull3 + Xy fo & |

+5 (g0 mu) () = L |ull?} (4.15)
= 3 (8" 0 du) (1) = 38(D) |Aully — pa [IVuel3 = pez [, VurVz (1, 8) dx
From (4.12) and (4.15) ,we see that

E'(1) = ~38(t) [Aul+ 3 (g0 Au) (1) = o [ Vo w16

—p2 o VurVz (L, t)dx — ¢ [ [y Az (x,0,t) z¢ (x, 0, t) dpdx

We estimate the last terms of the right-hand side of (4.16) .From the second equation of
(4.10), we get

%fﬂ fol Az (x,0,t)z, (x,p,t) dpdx = ¢ 2 o fo |Vz (x,p,t )|2dpdx

(4.17)
=% (Ivml - ||v.z<1,t>uz)
Using Young’s inequality, we have
12 /Q VuVz (1,t)dx < W;' V5 + ’P;2| IVz(1,8)|5 (4.18)

Combining (4.16), (4.17), and (4.18) we obtain

E(1) < —Co (I Vull3 + 92 (L 0I2) — 29(6) Aul3 + 5 (5 0 Au) (1),

where Cy = min {yl - @ R S S @} , which is positive by (4.13) m|
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Next, we define the functionals

=1 fs
JH =1 (1= Jy 8

for t > 0, we denote

d5> 1803+ iy foy le | dx + (g 0 Au) (£) — ||u]

d(t) = inf su Au).
( ) ueH&(Q),uiO )LZISI( )

Then, similar to the work of Liu and Yu [16], we can prove the following lemmas.

Lemma 4.3. for t > 0,we have

0<dy <d(t) <sup](Au),
A>0

where

+(g—2) i 2q—2p; 7
—ymn Pi\a=2) (1 ap; —2p; 9-2p; ( 1\ 2-2p;
d] - 21:1 2qp; (B%) ! i+ 2ap; (B%) i

n + s)ds) || Au oAu)(t ; (4-2)
dy = supAZOI(Au) — Zi:l pi (q— - (( fo )HHquuz (gohu)( )) pi (a

o
2q-2p7 ( Jao|ux, |p1dx
L | ( full]

i=1 2qp;

dS> 1803+ iy fo 7l P x4 5 (g 0 Au) (£) — 3 [[uel|],

Lemma 4.4. Suppose that (4.6), (4.7), and (4.11) hold. For any fixed number § < 1 assume that

(1o, u1) € HY(QY) x L2 (Q) and satisfy
1(0) < 0,E(0) < dd;.
Assume further that g satisfies

f ¢ pi (q-2)
Jo s < Xy ! ’

{(1+(§)2(pf (qu))wLpr (173)]

where § = max {0,0} . Then, for some T > 0 ,zwe have I(t) < 0,forall t € [0,T), and

d < T Pt [ (1 [y g(o)ds) aulls + (g0 au) ()]

+ Yiq zqzq;p’ (fQ |y, P! dx)

2 2q—2p;
<yn (P, q- )+ q P,)HMHZ

2qp; 2qp

+2)—4
< oy MR et e [0,T),

we set
H(t) = ddy — E(¢).

Using (4.14), we see that

H'(t) = —E'(t) > Co (| Vuill3 + [ V2 (1,1)]3) > 0,

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)
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and H(t) is an increasing function. From (4.12), (4.19), and (4.21), we obtain

~

0 < H(0) < H(t) < 31 + ; Jull) < qollulll, ¢ € [0,T), (4.24)

q(p; +2)—4p; )0
where gy = Y 1 latw! +2)~4p )0 —
qo i=1 2qp;

following lemma that is needed later.

+ %. Moreover, similar to the work of Messaoudi [14] we can get the

Lemma 4.5. Let the conditions of Lemma 3 hold. Then, we have, for any 2 <s < g
n
2 i
Ivul; < ¢ (—H(t) o 1 = 2 ] b " (0 ) (1
1=

1
2
= [ 19 op 1B ) 425)
where C is a positive constant depending on pz.i, ¢,7.B,q,
Proof. From (4.8), there exists a positive constant ¢y such that
2
IVull; < co (lully + |aul3) , for any 2 <s <4, (4.26)

where ¢y = max {1, B?} . Using (4.6), (4.12), (4.22), and (4.24), we know that
Y 2 1 2 v / 1 p; 1
T < _H(#) - = _ S ug|Pidx — =
YIswOIF < ~H0) = 3 (0 =3 [ ol = 3 (3080 (1)

1
=5 [ IVz o) Bdo+ gl 427)
From (4.26) and (4.27), we find that (4.25) holds. O

5 A blow-up result

In this section, we prove that the solutions for the problem (4.1)-(4.4) blow up in a finite time
when the initial energy lies in nonpositive as well as positive. We use the improved method
of Liu and Yu [16].

Theorem 5.1. Let the conditions of Lemma 3 hold. Then, the solution of problem (4.1)-(4.4) blows up
in a finite time.

Proof. To prove this theorem, we adapt the idea given in the works of Messaoudi and Kafini
[14,17]. Let us define

L(t) = H7 () + e (u(t), us(t)), € >0, (5.1)
where
T4 2) —4ph T 42) —4p’
0<o <mind TP+ —4pr q(p”+2) —4p7 | 52)
2qp; qp;

From (4.10) and Young’s inequality, we have

n
L(t) = (1=o) HUOH (1) + e ur ()5 —el|au e ) [ Jus ] d
i=1

+e /Otg(t —5) (Au(t),Au(s))ds —eu /Q Vu(£)Vu(t)dx

te )] - e /Q VuVz(1,1) dx. (5.3)
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Using Young’s inequality and (4.23), we obtain, for any g > 0,
yls/ Vu(t)Vu(t)dx + yze/ VuVz(1,t)dx
Q

202 2
HiP%e | 3P ;
< <12+ 2 )||v ”2+2C 2{||Vut||§+||vz(1,t)||z}

2022 2
< (MR ypugg+ ) 54
Since, for some number 17 > 0,
/Otg(t—s)(Au(t),Au(s))ds — /Otg(t—s)(Au(s)—Au(t),Au(t))ds
t
2
+ [ gt =s) sulpds

(1= 5 ) [ s@asIaul = (g0 a0 ),

v

we get from (5.3) and (5.4) that
L) = (=) HO(OH (1) +ellu ()5 —ellulf—e ) [ g dx
t
+e <1—4117>/0g(s)dsHAuH%—syl/QVut(t)Vu(t)dx

+e [[ull] —eyz/ VuVz(1,t)dx.
Q
Applying (4.12) and (4.22), we see that

Lo = {a-a) o0 - 56O ve (14 D) 01
+e (q ,7> (goAu)(t) +ezn; <q - 1> /Q |, |V dax
+£{<Z—1)—< 1+4117+g
&0 [Nz nitao - (B + >f5 ¢Vl
+eqH(t) — eqdd,. (5.5)

Using (4.20), (4.21), and (5.5), we find that, for some 7 with 0 <75 < A4 (% — 3) +1,

€

Lt = {0-a B0 - 52 H O ve (14 3) I ()1}
refu (L2-5) + a-n) gom 1)

o (352 ) (52 )+ ) o

~ (5 12) pervuit+egni + &8[9z plEdp

—I—sg{q (;—1> A, <—5>}/ i3, |P d, (5.6)

_|_
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€

_ — o YH %(t) — — g2V H 2
= {(1 0;) H%(t) 2o }H(t)+e(1+ )||ut()||2
2, Ceq ! 2
e (g0 8u) (1) +eaz | Aul3 + S5 [V (x,p,1) o
Mo, 1 >
B <21 - f) Bel[Vulld +eas | fus | dx +eqH(e), 5.7

where

)ds > 0

a2:A1 (%2‘2?

_ n
A=Y,

5 7 >0,
‘é—) %)fg
) (52 —9)} >0

2q—2
Zn [ipz>0

Take B so that B = (kH *‘Ti(t))_% , for large k to be specified later. Exploiting (4.24) and the
inequality
2 2
H”Hz,o <G H”Hq,ﬂr

we see that
B | Vull; <k 'Cigf HVMH‘W’+2

Substituting this into (5.6),
/ _ D i —0; ! ﬂ 2
L) > {(1-0) - sekp HOOH @ e (14 ) i 0]
+eay (go Au) (t) + eay HAuH% + eas /Q |ty | dx

eg (1 _ o
8L 119z (1) 3o — k1o | Va2 + eq(e)

2+ 2\C i
where C; = (i+1)Cra’ }5) o,

From (5.2), and Lemma 4, for S = go; + 2 < q, we arrive at

2 n ;
HVMHZUhLZ <c _H(t) - Hut (t)Hﬁ - i:1 fQ |1/lxi|p dxz— (go Au) (t)
V2 (xp, )30

Then, we have

/ o e 9y 4 g 2
L) > {(1 o) ZCOk}H (t)H(t)+s((1+2)+ck cz) s (£) )3
e Au) (¢ e / Pid
+e<a1+c 2>(go u)()+s<a3+c 2) Q]ul| x
1
ven aul} e (G4 ek i) [0 (o) e

—eck™1Cy [ul|§ +e (q + ck’1C2> H(t). (5.8)
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Subtracting and adding ¢6H(t) on the right-hand side of (5.7) and using (4.12) and (4.22),
we deduce

L't > {(1—01-) Zcok} (t)H’(t)+s<1+Z—z+ck_lCz> e (82

+e(a - 7+ck 1Cz> (g0 Au) (t)+€<2—c’<1c2) el

(
a3 (1= [ soas) bt
(

+

0¢
% — +ck™ 1C2>/ 1 Vz (x,p, )|\2dp+e(q 0+ ck™ 1C2) H(t)

n
+€Z{<El3—pg+ck 1C2> / ‘M ’P, dx}+€5d1 (59)
i=1

1

s

_|_

First, we fix 0 such that
0 < 0 <min{2ay,2a5,q} .

Second, we take k > 0 large enough such that

Q — Ck_1C2 > 0.
q
Once k is fixed, we select ¢ > 0 small enough so that
1—0;) — =— H7 / .
(1—0;)— 2COk>0 (0)+e¢ Quouldx>0

Therefore, we obtain from (5.8), that

1 n
L'(t) = C (nm (O +(godu) 1)+ [ (o 0ldp+ ) [ " dx+ ||u|\3+H(t>)

(5.10)
Here and in the sequel, C denotes a generic positive constant. On the other hand, using the
similar arguments in the work of Messaoudi [17] we get

1

1 n

LT (8) = C { ue (1)l3 + (g0 du) (1) + [ V2 (x,0,6)[dp+ Y | fux|Pdx+ H(E) + |[ull]
0 i—17Q

(5.11)

Combining (5.9), and (5.10), we find that
L'(t) > CL™7 (1), for t > 0.
A simple integration yields
1

Ll%”i (t) > — ,fort > 0.
Lfﬁ(o) _ Coit

1—(71‘

Consequently, the solution of problem (4.1) — (4.4) blows up in finite time T* and
1-— Oj

T < B E—
Co; L™ (0)
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6 Conclusion

In this work, we are interested in a nonlinear problem of a viscoelastic plate equation with
a polynomial source term in the presence of time delay. We show that the energy of any
weak solution blows up in a finite time if the initial energy is nonpositive as well as positive.
The delay effect is similar to memory processes that is important in the research of applied
mathematics such as physics, and biological motivation. In future work, we will try to study
the local existence of this problem with respect to some proposal conditions with a semi-
groups method
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