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Abstract

In this paper, we study a mixed problem for a third order parabolic equation with non classical boundary
condition. We prove the existence and uniqueness of the solution. The proof of the uniqueness is based on a priori
estimate and the existence is established by Fourier’s method.
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Resumé
Dans cet article, nous étudions un probléme mixte pour une équation parabolique du troisi¢éme ordre avec
condition aux limites non classique. Nous démontrons l'existence et I'unicité de la solution. La preuve de la spécificité est

basée sur une estimation a priori et de 1'existence est établie par la méthode de Fourier.
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| - INTRODUCTION

In the set {2 = (0’ T)X (0’1), we consider the equation
0’u
ot?
(1.1)

2
Pu [0 )] 8y g b0
x| ox OxOt ot
To equation (1.1) we attach the initial conditions
u(0,%) = p(x) xe(0,D), 12
WO _ ) xe,
ot (1.3)
and the integral conditions
1 B 1, 3
Iou(t,x)dx =0, .[Ox u(t,x)dx=0 o 1€(0.7)
(1.4)

Where ).y (x) €L, (O.1) are known functions which
satisfy the compatibility conditions given in (1.4).

The boundary value problems with integrals conditions
are mainly motivated by the work of Samarskii [3]. Regular case
of this problem for second order equations is studied in [4]. The
problem where the equation of mixed type contains an operator

2a+1
a(t) o0 ""u

2
of the form Ox "0t s treated in [17], the operator of the
0 ou ’ 0"u
—[a(t,x) —j Pz (a(t,x) P
form Ox Ox and is treated

in [4] and [14]. Two-point boundary value problems for
parabolic equations, with an integral condition, are investigated
using the energy inequalities method in [8, 9, 10, 11] and the
Fourier’s method [12]. Three-point boundary value problem
with an integral condition for parabolic equations with the
Bessel operator is studied in [12]. And recently parabolic and
hyperbolic equations with integral boundary condition are
treated by Fourier’s method in [1, 5].

The presence of nonlocal conditions raises complications in
applying standard methods to solve (1.1)-(1.4). Therefore to over
come this difficulty we will transfer this problem to another
which we can handle more effectly. For that, we have the
following lemma.

Lemma 1. Problem (1.1)-(1.4) is equivalent to the following
problem

(Pr)1

34

u 1

ot X
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X ou +k Gu
oxot ot
u(0,x) = (x)

ou(0,x)
y =y()

ou(t,0)

ot
o"u(t,))

Oxot

=F(t,x)

9
ox

ou(t,))

ot

=]

= %( Ll X°F(t,x)dx - Ll F(t, x)dx)

—J.OI X°F(t,x)dx

Proof. Let u(t,x) be a solution of (1.1)-(1.4).
Integrating equation (1.1) with respect to x over (0,1),
and taking into account of (1.4), we obtain

2 2
- x@_u —2[18—udx:_[1F(t,x)dx
OxOt o 0 OxOt 0
And so
o’u ou(t,]) ou(t,0) 1
— (D) +2 - >2y=—| F(t,x)d
axar T, o) Jy Fla.x)dx

To eliminate the second nonlocal condition
1
J.o x’u(t,E)dE =0 multiplying both sides of (1.1) by x°

and integrating the resulting over (0,1), and taking in account
of (1.4), we obtain
ou(t,l)
OxOt

These may also be written

—_Ll x> F(t,x)dx

ou(t,) _ou(t,0) _ %( .[O‘ X2F(t,x)dx — LIF (t ,X)dx)

ot ot

And

o*u(t,l 1

u(t.l) = —I x*F(t,x)dx

oxot 0

Let now u(Z,x) be a solution of (Pr); , it remains to

prove that :
1
jo u(t,x)dx=0,
And

J.Ol x*u(t,x)dx=0

We integrate Eq.(1.1) with respect to X , we obtain

2
%f;”(f’x)d“" %Ll“%x)dh 0, 1e(0.T)
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And it also follows that 5 S v, 0%y ) 0%y ,
: M = [ 2| CY+C +C5)
d” 1 d o, e’ oo o
?J.O X u(t,x)dx+kEIO xu(t,x)dx=0, te(0,7) Q i
. a 3 aZV 1 31 2 6\/’ 2 62\/ )
Introduce now the new function + J;)T a x M + SOEJT) J:) x| v+ (5) + (%)

v(x,t) =u(x,t) —u,(x,t), where
uy(5.0) = ()| 'm,(2)dr + B[ my(2)dr,c(x) = —x + x°, B(xHer@ st Hilbert space with the norm

my (1) = [ X F (6, 2)de,my (1) = %(—ml(t) [Py 19T =I0 W = [ 1] () 4 )

Then (Pr); is transformed into the following problem Lemma 1 For any function u €E, we have

exp(—cT) ¢! , 2 1, 2 dprpr, v
oy 1(of v e [ 07,0 Sg_[oxq) +§j0 [x )
VE———| —| X ——||+k—=f(t,x)

ot x|\ ox\ oxot ot Where  (2.1)
(Pr)2 Iv=v(0,x) = ¢(x) with the constant c satisfying ¢ > 1.
_ov(0,x)
V= or () Proof. Integrating by parts (exp(—ct)x’v, %) and using
M = M elementary inequalities yields (2.1).
ot Ot

2

o0 v(t,]) -0
OxOt

f(t,x) = F(t,x)+(a(x) - @) Jox* F, (¢, x)dx+ @ JoF, (&, x)dx-+ 7(5,),
7(t,3) = (=34 8x)m, () + (6 = 8x)m, (1) — ker(x)m, (1)~ Kf3(x)m (1)
P(x) =y (x) + a(x) jol X2F(0,x)dx + @ (- jol X2F(0,x)dx + jol F(0, x)dx)

2. A PRIORI ESTIMATE

we consider (Pr); as a solution of the operator equation

Lv=%, whereL=(f,l,q),%(f,(0,‘~I").

Theorem 1. For (Pr); We have

M <Clzv

F’
Where C >0 is independent on v
Proof. Let

The operator L is acting from the Banach space D(L)=E to F

where

2
22y 2oty Mv=2x2@+xza—r
E=<v:x%v,x?—, x? € L,(0,1) and ot ot
ot OxOt

Consider the scalar product (v, MV), and integrating over

3 3 A2 3 A2 3 2
yOv 5 0 xiﬂyfav xzﬁv
OxOt or’ ox’ot’ Oxot

e L, (€Y )} Q" =(0,7)x(0,1), we get

With respect to the norm
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(v, Mv), = (1 g) jol X % (7,0)) —(1+

J‘xz(a_zv 2
o o

2kj ( )+2j (

11382\/ )
Ehuaamm)

(2.2)

We now apply an &€ -inequality to the term

(/v,2x* o +x°
ot

ov ]
y) we obtain

Dl
j W)>m—ﬂx<(:m—a+ﬁ

82\/ 1 ¢t o v
2 2 3
+.[X (7 +_Lx(_

ov o%v ov 1
v2x* —+x 2— <A 2ree[ 2@y wrq
( > <] [ @1 +a], ) zgzjg, f
ar 2@y 23
zjﬂ’x(aﬁ) 23

From equation s we have
Irfofps0v]] L 1 e @y
8Lr(ax( axatn I i J Pkl

2.4)

Combining inequalities (2.1), (2.2), (2.3) and (2.4) and

since (x <1)we obtain

de, +2¢&, + €& 2 kgt , lget, o, 1p1 2
Tace ”Jfgrf D[ W[ o[l
>
k‘s@ 2 E_ _l 2@2 3, 0, Egz v,
F )G @ - S)Jx(&) +2£x(axat) + 2)] Flk
@ e L (2], emer)
[ G +sjnf[ax[x 8x6t]j e o
(2.5)
Next choosing &;,i =1,2 as%—el %=k1>()and
2—2:k2>0
4 2

The left-hand side of (2.5) is independent of 7 , hence replacing

the right-hand side by its upper bound with respectto 7 ,
interval [O,T ] , we obtain the desired inequality.

This completes the proof.

in the
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3. EXISTENCE AND UNIQUENESS OF SOLUTION

WE shall establish the existence of solution of (Pr)..

For this we make use of the Fourier’s method.

Consider the function v, (#,x) =T ()X ,(t) where

X, () is an eigenfunction of the BVP

d

x*\ dx

f?ﬂ%m=4m

dx
X, (1) =X,(0)

is called the eigenvalue

.......

corresponding to the eigenfunction X, (x),and 7, (¢) is
satisfying the initial problem

d’T,
dr

-2, %o

T,(0) =9,
dT

¢m=§%&u)
W0 =S¥, X, (x)
P'(x) = i\PX (x)

f60) =3 £,0X,()
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And by the Parseval-Steklov equality

2 o0
_ 2
L0y Z% ’
n=1

2 0
2
=> V¥
L,(0,1) Z n?
n=1

o

[¥

11 00 = Z](‘P: )
and [ f(exdx= S £20).
n=l1

2 (7 2
Hence J.Qf (t,x)dxdt= ;L fn ().
Then direct computation yields

T,()=¢,+[ ¥, exp(A,0)dr + [ [ 1,(2)exp(h,s - 4,r)dds

jolszn ()X, (x)dx=0,n=m

And
wzﬂfﬂ@%uﬂx
B S 1)

I Ixz‘P(x)Xn (x)dx

p oL

n

I 22
J, X0
By principle of superposition, the solution of (Pr); is given by

the series

v(t,x) = iTn(x)Xn (x). (3.1)

Then we have

Theorem 2. Let . € L,(Q),and ¥ € H'(0,1). Then
the solution V(t,Xx) of (Pr): exists and is represented by series
(3.1) which converges in E.

N
Proof. Consider the partial sum S, (t,X) = ZTH (x)X,(x)

n=1

of the series (3.1) then by theorem 1

37

2 N
=X froder g v v+ (9)?)
E n=1

2T, ()X, (x)

(3.2)

N op N N N
The series ZL ff(t)dl‘,ZQ?,Z‘Pﬂz, and Z(‘Pﬂ)z
n=l1 n=l1 n=l1

n=l
converge. Therefore it follows from (3.2) that the series (3.1)

converges in E and accordingly its sum v € £,
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