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Résumé :

L’article traite le comportement dynamique d’un oscillateur élastoplastique parfait amorti, sollicité par une
charge extérieure, de type sismique. Le modélerhéologiqueest présenté comme un systeme a un seul degré de
liberté (1DDL), pour les deux cas : une excitation symétrique (élastoplasticité parfaite), et une Asymétrie dans le
domaine de la compression. Le bilan énergétique est essentiellement établi a partir de 1’énergie dissipée au cours
des oscillations, en fonction des parametres structuraux du modéle (fréquence angulaire équivalente,
I’amortissement, paramétre d’asymétrie de la force d’excitation...).Une dissipation de I’énergie du cycle limite
dans la zone comportementale de I’accommodation contrdlée par la frontieére de bifurcation.

Mots Clés: Oscillateur élastoplastique parfait amorti, modele rhéologique, énergie dissipée, cycle limite,
accommodation, frontiere de bifurcation.

Abstract

This paper deals with the dynamic behaviour of a perfect damped elastoplastic oscillator, subjected to an external
seismic load. The rheological model is presented as a single-degree-of-freedom system, for the two cases: a
symmetrical excitation (perfect elastoplasticity); and an asymmetry in the compression field. The energizing
assessment is essentially established from the dissipated energy map during the oscillations, according to the
structural parameters of the model (equivalent angular frequency, damping, parameter of the asymmetric
excitation force...). A dissipation of the limit cycle energy observed for the alternating plasticity behavioural
area, which is controlled by the bifurcation boundary.

Keywords: Perfect Damped Elastoplastic Oscillator, Rheological model, Dissipated energy, Limit cycle,
Alternating plasticity, Bifurcation boundary.
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1. Introduction

Knowing that the cyclical behaviour of dynamical systems is strongly related to the hysteretic
character which depends on the history of the material, a difficult subject, in which the analysis aims
to present the response of dynamic models according to the external excitation, these models
represented by rheological oscillators, which may reflect the behaviour of civil engineering structures
subjected to cyclic vibrations of seismic kind. The study of the response -often periodically- of these
oscillators will help in the control of the dynamic stability of structures, based on dynamic parameters,
and thus determine and draw the energy map. However, the simplest model for dynamic analysis is
that a single degree of freedom (s-d-o-f) as in Fig. 1, and the behavior that has been the subject of
many research studies [1], [2], [3], is the elastoplastic that being more representative in term of its
cyclical (dynamical) character. Thus, the chosen model -from the literature- for the study and the
energetic evaluation of elastoplastic structures is that, where the elastoplastic behavior is perfect for
both cases, asymmetric: the force amplitudes are equal in both domains (tension and compression) and
a perfect elastoplasticity with asymmetry in the compression field.

2. Presentation of the rheological model

Let us consider the single degree of freedom model (Fig. 1), a rheological system composed of a mass
(M), which is attached to an elastoplastic spring (K,), and damping coefficient noted (C), necessarily
positive. The inelastic system is submitted to a harmonic external force F(t) defined by its amplitude
(Fp) and its pulsation ().

C
I v
WY ©,0,0,)

Figure.1. Dynamic s-d-o-f model (Rheological).

This oscillator (Fig. 1), who is characterized by its position (U), displacement rate (U) and an internal
plastic variable noted(Up)named the plastic displacement, can be approached by an inelastic
incremental behaviour, (elastic perfectly plastic, see Fig. 2 (a and b).

(a) Symmetric case (F* = F~) (b) Asymmetric Case (F* # F™)

0

Figure. 2: Incremental perfect elastoplastic behaviour

©UBMA - 2018
142



Rev. Sci. Technol., Synthese 36: 141-152 (2018) M. Chenia & al

For this inelastic system, two types of dynamic states can be distinguished [2], [3], [4], [5], [6]. [7].
[8l:

e Elastic StateE : (reversible state)
e Plastic StateP : (irreversible state) associated to the evolution of the plastic displacement.

This plastic state can be divided into two plastic states P¥and P~ in function of the sign of the elastic
displacement (U — U,). [6], [7], [8]
3. Formulation of the motion equations

The equations of motion for this perfect elastoplastic oscillator damped have been formulated, using
dimensionless variables, for a system with one degree of freedom (s-d-o-f), and for the three states [7],
[8] as follows:

3.1. Symmetric System

_h
Statef: il + 2{u+ v = fycos(wr); w, =0 fo =7
~ _ M
StateP*: i+ 2{u+ 1= fycos(wt); 1, = uwith: [ = Q\/K:O 1)
StateP™: i+ 2{u —1 = fycos(wt); 1, = U c
¢ =2 mr
0

These equations of motion in the reduced domain phases (v, i), are controlled by:

StateE: (Jv| < 1)or[v =1 and(@t < 0)]or[v = —1 and (&t = 0)]
StateP*: (v = 1)andu >0 (2)
StateP~: (v=-1)andu <0

The dynamic system (Eq. 1), represent the perfect damped elastoplastic model. However, the response
of this system of differential equations, depends to the kind of elastoplasticity (symmetric or
asymmetric), defined by the condition of equality of forces (F*) and (F~). Therefore, from the works
of Challamel [7], and Hammouda [8], the perfect damped elastoplastic model could be seen as
“Symmetric” (Fig. 2.a) if:(F* = F7), in otherwise, the model is “Asymmetric” (Fig. 2.b).

3.2. Asymmetric system

The asymmetry of the perfect damped elastoplastic model will be introduced through:
-

T=—1l-¢ with(e > 0) 3)
o . fo= 7t
StateE: i+ 2{u+v = fycos(wt); v =1u -
StateP*: i+ 2¢u+ 1 = fycos(wt); v =0 with : [w = Q\/Kio (4)
StateP™: il +2{u— (1 +¢) = fycos(wt); ¥V =10 (=t
2,/MK,

The equations of motion of the asymmetric model are also controlled by:

StateE: (-l—e<v<1)
orf[v =1 and (uv < 0)Jor[v = -1 — ¢ and(uv = 0)]
{ StateP*: (v = 1andu >0
\StateP~: (v =-1-—g)andu <0

®)
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4. Dynamic response of the perfect damped elastoplastic model
4.1 Response of the Symmetric system

The response of the symmetric dynamic model (Fig. 2.a), expressed by the equations of motion (Eq.1),
in the case of forced vibrations of the elastic state (£) can be written:

( ~ Acos[wll—(z(r—ri)] +
v = Bsin[‘/ 1-0%2(t— ‘L'i)]

_ fo ot — 2 .
+ (-w)2 14022 [(1 — w?) cos(wt) + 2w sin(wT)]

(—{A + By/1— {2) cos[,/l —{%(t— Ti)] +

e_z(T_TL')

a(r) = D)
- (—¢B — 4JT=02)sin[y1=%(r - )] o
A
+ #fi%z{z [2w{ cos(wT) — (1 — w?) sin(w7)]
_ (1-w?) cos (wt)+2w]sin{wT;)
with: = v o (-0’ +40’?
! B = u+{A  wfy 2w{ cos (wri)—(l—wz) sin (wT;)
J1=¢z 12 (1-w2)2+4w2{2
In the case of two plastic statesP*, P~
(v(r) =41
p. { u(r) = [L’Li + ﬁ = fo % cos (w?z)::);m (wm] 2= @)
v 2{ cos (wt)+wsin (wt)
k 2 +fo 402 +w?

4.2 Response of the Asymmetric system

Once the equivalence between asymmetric loading and asymmetric resistance is formulated
analytically [8], the periodic solution of the asymmetric model (Fig. 2b) is given for the elastic
vibrations, by:

— (1—w?) cos (wty)+2w{siniwt;)
COS[ 1 - (2 (T - Tl)] (vl - fO (1_(‘)2)2_{_40)2(2 ) +

—{(t—1)
e

. o U +{v; —((1+u)2)cos(wri)+w(1—w2—2(2)sin(wri)>

sin V1= (e =) <1/—1_;2+f0 VI CE((—a? P eai(D)

v(1) =

[(l—wz)cos (wt)+2w( sin ((ur)]
+f0 (1_w2)2+4w2(2
E:"
—2w?{ cos (wt)+w(1-w?)sin (wt;) >3
|[(ul+f0 (1-w?)?+40?(? )COS[Vl ¢ T')]+ ]| et
— —{(t—7;
u(T _l v+ Qw??+1- wz)cos(w‘rl)+(w5(1+wz) sin (wT;) 5 |e
I\ ==t/ (a0l sin[yT=¢%(c — 1) ]J
[2w¢ cos (wr)—(1-w?) sin (wT)]
\ +@f (1-0?)?+40 ¢
©))
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For the two plastic states p*, P, the response is written as:

(v(t)=1 orv(t)=-1—¢
p: ! u(r) — [di + ;_é _ fo 2{ cos (wt;)+wsin (a)rl-)] e—Z((T—Ti)

402 +w? ©)
_ v 2{ cos (wt)+wsin (wt)
l 20 + /o 402+ w?

5. Evolution of the Dynamical Systems

By following the evolution of the dynamic systems presented by the equations of motion (Eq.1; 4),
which are controlled by the conditions of space phases (Eq.2, 5), expressed by the response (Eq.6;7; 8
and 9), it can clearly distinguished two types of movement called behavioural areas: “Shakedown”
which represents an elastic stationary phase, and the “Alternating plasticity” which is an alternation of
two plastic phases through an elastic state (Fig. 3) [7], [8].

The limit cycles controlled by the alternating plasticity area presents a central symmetry [6], [8], and
thus, these cycles depend of the structural parameters (fy,{,w). So, according to the works of
Challamel [6], [7], and Hammouda [8], [9], there is a bifurcation boundary (Fig. 3) between the two
behavioural areas: Shakedown and Alternating plasticity, in which one can consider an asymptote
phase to |v|= 1, this boundary [2], [3] is expressed by

fo =+ (1 — w?)? + 403> (10)

This bifurcation boundary (Eq.10) is the same as in the works of Liu and Huang [10]:
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Figure.3: Bifurcation boundary between the behavioural areas

In the reduced phase space, from the works of Capecchi [11], the displacement (v) can represent the
force associated to the dimensionless dynamic system [7],[8],[9],[12]. The representation of the
behavioural relationship can be expressed by the elastic displacement versus total displacement, which
is equivalent to the relationship Force-Displacement illustrated in (Fig. 2).

For the elastoplastic oscillations, the chosen relationship: Force -Displacement, is asymptotic to (| v |
= 1), as shown from a hysteresis case of the relation (v,u), which can be called “Adopted Behaviour”
(Fig.4). Similar results are given by Ahn [13].
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6. Dissipated energy of the elastoplastic oscillator
6.1 Energetic assessment of the symmetric system

The energy aspect of this perfect, damped and symmetrical elastoplastic oscillator, assumes that the
dissipated energy by the oscillator is indeed, the air of the hysteresis loop coming from the limit cycle
of the (v, u) behaviour [9], [14].
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Figure. 4: Adopted Behaviour (hysteresis loop),
For:(vo,ilo) = (0, 1),( =0.1,w=0.5 ;fo =1

The calculus of the dissipated energy during oscillations, for a set of appropriate structural
parameters (which represents the behavioural area of alternating plasticity in Fig. 3, where there is
an alternation between the elastic and plastic phases), may be approximately equal to :[9]

E(Limit Cycle) = [ f(Du({)d(Q) (11)
E=2xb (12)
The energetic assessment can be illustrated through a curve often called “energy map” (Fig.5),

independent of the initial conditions, because it concerns the limit cycle (after convergence), which
shows the agreement with the boundary bifurcation (Fig.3) [8].

e Sl T -
o "\

Dissipated Energy (E)
£

0.6 0.8
Pulsation (w )

Figure. 5: Energy Assessment for the perfect damped and symmetric elastoplastic oscillator for:(vg, ity) =
(0,0);{=0.1;f, =1

This assessment of the dissipated energy (Fig. 5) during the oscillations of perfect damped
elastoplastic model in equal amplitude values of excitation force (Symmetric) , highlights an
energy variation with very close values of the equivalent pulse , and valid for the same occasion the
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next one (Fig. 6), presented by the recent works of Hammouda et al , [9] , in the energetic and
rheological study of this type of hysteretic oscillations, and we can affirm that for small values of
pulse , energy is greatly dissipated , following the super-harmonic motions due to the fact that the
system acts as a rigid plastic oscillator. This phenomenon is previously mentioned in the works of
Capecchi [15] for an undamped system, and those of Liu and Huang [10] for the same damped
system, as well as Challamel and Gilles [6] . We can say that this work discusses the most
important perspective of the previous ones [8-9] by studying the variation of the energy according
to the structural parameters, such as damping, which represents the energy dissipation device
widely discussed in this topic.

The energy -theoretically- dissipated by the studied oscillator, can be expressed, according to the
damping parameter({), which should not -in any case- be ignored, for their connection, because of
the damping term is always linked to the reverse conversion side of the energy to return the
dynamic system to its initial position [14], the following curve(Fig.6) exhibit this relationship:

Dissipated Energy (E)
T
|

0 L L L L
] 0.1 0.2 0.3 0.4 0.5 0.6 0.7

Damping (&)

Figure.6: Energy Assessment for the perfect damped and symmetric elastoplastic oscillator for:(vg, ity) =
(0,0);w=0.5;fp=1

The energy assessment represented by this curve (Fig. 6) expresses the variation of the energy
according to different damping rates, and criticizes the idea to always increase the damping of an
oscillator to obtain better energy dissipation, something to deal with delicacy, because we must not
deny the existence of the dissipated energy by the periodic motions of the oscillator, which causes
the increase of the stored and absorbed energy by its stiffness. This result validates the third
conclusion of the works of Zhang and Iwan [16], which assert the existence of the phenomenon of
small oscillations ride on the component (damping), causing long-period excitations, therefore, this
undesirable phenomenon makes the dissipation of reduced energy. That feeds also, on choosing a
good set of parameters taken from the bifurcation boundary (Fig.3), to stay in the Alternating
plasticity behavioural area.

For an undamped model (Fig. 7), it can clearly realize that, although the model is not damped, but
we can notice a decrease in the dissipated energy during the cyclical movements, which confirms
the discussion of the curve above (Fig. 6):
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Figure. 7 : Energy Assessment for the perfect damped and symmetric elastoplastic oscillator
for:(vo,ilo) = (0, O), ( = O,fo =1

The variation of the energy, dissipated by the elastoplastic damped model, can be also expressed
(Fig. 8) in function of the parameter of the outside excitation force (f,), for a fixed damping and
pulsation coefficients:

T T T ‘ j ‘./' //'1.- j //, P
, ﬁ/wwwwwmw\/t/w%‘/VW"W‘/W‘/W“11/“/“”“‘/“’1“4--“" Viatia
, ‘

3.5 — =

Z.5 -

Dissipated Energy (E)

1 L
2.5 3 Aas

2
Force Amplitude (j())

o 1 1
1 1.5

Figure. 8: Energy Assessment for the perfect damped and symmetric elastoplastic oscillator for: (v, ity) =
(0,0;{=0.1;,w=0.5

This curve shows the high variability in the dissipated energy by increasing the amplitude of the
external force, but moderately, the relationship is not stronger than that of previous curves, and it is
known that a dynamic load with high amplitude and low pulsation, does not necessarily give the
same effect as another load of a higher pulse, and through a lower amplitude [14].

In this section of a perfect damped, and symmetric elastoplastic oscillator (Fig. 2.a), we have
treated the variation of the dissipated energy, according to the different structural parameters and
establish an energy assessment, thus to carefully study and analyse this type of non linear oscillator,
and especially to give an idea about the choice of parameters playing a role in the response of this
model. The authors perspective in previous study [9], was to study the oscillator when it presents
an asymmetry (F* # F7) in its behaviour (Fig.2.b), whether in traction or compression, a prospect
discussed in what follows.
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6.2 Energetic assessment of the asymmetric system

In this section, we will enter directly to the energy assessment of the asymmetric system without
going through the evolution of this system (see [8]).This system brings up a new structural
parameter denoted (&), which represents the difference between (F*)and( F~) in compression or
tension field, but without affecting the choice of the other parameters, that it was previously
mentioned [8],[9],and it was concluded that the bifurcation boundary does not depend on the
asymmetry parameter (&).

The following curve (Fig.9) presents the Adopted behaviour (v — u) during the oscillations
(hysteresis loops):

2 -

1.5+ —

-
T

o
th
T

Elastic Displacement (v)
o
Lh o
T

=
T

-
th
T

5]
T

2 o 2
Total Displacement ()

Figure. 9. Behaviour of the perfect damped and asymmetric in compression elastoplastic oscillator (F'< F),
“Dynamic ratcheting” for:(vg, i#g) = (0,0);{ =0.1;w = 0.75,f, = 0.8, = 0.05

This curve clearly shows the effect of “rochet” observed for this type of oscillator, which caused by
the asymmetry of compression amplitude, this effect occurs when increasing a field strength
compared to the other (traction or compression), and therefore leads to a divergence of the limit
cycle [8].

We can also study the energy assessment of such oscillators, starting with the variation of the
dissipated energy according to the pulsation (Fig. 10), and this for a fixed asymmetry rate (&):

4
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Figure.10: Energy Assessment of the perfect damped and a symmetric elastoplastic oscillator for :{ =
0.1; fo =0.8; £ =0.05
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The variation of the dissipated energy which is equal to the air of the last hysteresis loop,
depending on the equivalent angular frequency of the system for a fixed asymmetry, is not different
from that of the symmetric oscillator. This result leads us to express the energy dissipation
according to the progressive variation of the asymmetry rate (g), to investigate its influence (Fig.
11).

Lot {pid

Dissipated Energy (E)

) 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

A.s’_ vmmetry rate (£ )

Figure. 11. Energy Assessment of the perfect damped and asymmetric elastoplastic oscillator
forr,{ =0.1; fp =0.8;, @ =0.75

This curve (Fig. 11) shows the “Dynamic ratcheting”, for an asymmetry between the two domains
leading to a significant decrease of the dissipated energy for higher asymmetry, something to be
avoided and must be taken into consideration on seismic design [8].

Besides the parameter that we have just to distinguish, who plays a very important role in the
energy assessment of the asymmetric model, the dissipated energy also depends on other structural
parameters (Fig. 12).
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Figure. 12. Energy Assessment of the perfect damped and asymmetric elastoplastic oscillator for :e =
0.05; fo =0.8; w =0.75

In terms of damping and energy dissipation, the above figure (Fig. 12) supports the assumption
discussed earlier (Fig.6), concerning the choice of damping parameter, which must not tolerate the
excess of oscillations energy absorption, and consequently, reducing dissipation [14].
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So, we can at the last point of the energy assessment analysis, varying the force amplitude, to study
the variation of the dissipated energy while remaining -naturally- in the alternating plasticity area
(Eq.10, Fig.3).
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Figure. 13. Energy Assessment of the perfect damped and asymmetric elastoplastic oscillator for :& =
0.05; (=0.1;, »=0.75

The influence of the amplitude of the external excitation of the asymmetric in compression model,
cannot give us a clear vision on the choice of this parameter, because of the increase in the
dissipated energy is caused -of a part- by the increase of the kinematic energy from the cyclic
movements.

7. Conclusion

This work represents a part of a wide program studying the energy assessment by exposing the
variation of the dissipation energy of a perfect damped elastoplastic oscillator, whose can reflect the
behaviour of structures subjected to dynamic loads of seismic type in both cases: symmetric and
asymmetric, depending on structural parameters that characterize the behavioural areas of this
oscillator. It was found that the dissipated energy in the first case where the behaviour is
symmetrical, essentially depends on the equivalent angular frequency between the external force
and the own pulsation of the model.

Regarding the damping term, often associated with the dissipated energy, we have demonstrated
that the dissipation of energy is not exclusively due to the devices and damping elements of the
model, but it can also caused by the cyclic movements in the hysteresis loops.

The second case brings up another structural parameter, which plays a very important role in the
energy dissipation, which is manifested by the “Dynamic ratcheting” in alternating plasticity that
implies the divergence of phase trajectories, and therefore the domination of one domain to the
other, without contradicting the choice of the other parameters.

We can, at the end of this study indicate that the main prospects is to consider another behaviour
law, more complex such as in the presence of kinematic hardening elastoplasticity [17], which will
also appear the hardening rate as a new structural parameter and this will probably could enrich the
topic.
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