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A B S T R A C T 

 

It is shown that very large stresses may be present in the thin films that comprise 
integrated circuits and magnetic disks and that these stresses can cause deformation and 
fracture of the material. For a crystalline film on a non-deformable substrate, a key 
problem involves the movement of dislocations in the thin film. An analysis of this 
problem provides insight into both the formation of misfit dislocations in epitaxial thin 
films and the high strengths of thin metal films on substrates. We develop in this paper, 
theoretical calculations for dislocation nucleation phenomena in nanomaterials obtained 
by hetero-epitaxial growth of thin films on substrates having lattice mismatch defects. 
Atomic force microscopy observations showed the nucleation of dislocations from free 
lateral surfaces to relax the "misfit" strain, here we explain the principle of nucleating 
edge dislocations from these surfaces by the theoretical calculation, using the method of 
image stress and energy study. We begin, by treating the case of a single dislocation and 
then generalize the work at a pile-up of n interface dislocations. 

 

1 Introduction  

The technical of thin-film deposits by various methods such as the hetero-epitaxial technique in the nanoscale level, 
have become the process of obtaining the best materials in various application areas as diverse as ferroelectric materials, 
optics materials with reflective layers and electric field with the metallic conductive layers... Plastic deformation of 
crystalline materials is often associated to the mobility of dislocations [1-7], see (Fig.1) [8]. In contrast, the ductility is 
maintained as dislocations have good mobility; the material is then deformed conserving the unit of its structure. 
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Transmission electron microscopy of hetero-structures has enabled the onset and subsequent development of misfit 
dislocations to be followed for increasing strained-layer thicknesses. A well-known mechanism is that of Frank-Read [9; 
10; 11] by which a dislocation pinned at its two ends gives rise to numerous dislocation loops. In nanostructured materials, 
the reduced dimensions make the dislocation sources of activation more unlikely, often the number of pre-existing 
dislocations is also very low, so this is a very challenging problem, because the relaxation mechanism involves nucleation 
and motion of threading dislocations through the thin film. Plasticity works by the formation of new dislocations from 
particular sites such as crack fronts, precipitates, interfaces, or surface defects. The surfaces have a special role because 
they are present for any size of the sample studied. Multiple experimental methods are used to study the formation of 
dislocations from the free surfaces, but experience encounter major difficulties in studying the earliest stages of plasticity at 
the atomic scale and with sufficient time resolution. Elastic theory, which describes the dislocations as linear defects 
moving in a continuous medium, allowed a first approach to solve this ambiguity. The modes of the most observed 
plasticity are irreversible deformation induced by nucleation, multiplication and dislocation motion. These movements can 
be glides (conservative shear) or mounted (non-conservative)[1-7].In bulk materials, one of the known mechanisms of 
multiplication of dislocations is Frank-Read process [9-11].In nanostructures materials free of dislocations, no source of 
Frank-Read can not be created, recent experimental observations showed that the plasticity operates differently : stress 
relaxation dislocations are nucleated from particular sites such as grain boundaries, cracks fronts, precipitates, interfaces, 
defects and surface irregularities such as steps [12], terraces, islands etc...See (Fig.2) [12].  

 

 

Fig.1 – Schematic diagram showing the stress fields experienced by a propagating dislocation cutting 

 

Fig. 2 – DIC optical micrographs of two 200 µm x 200 µm mesas following homoepitaxial growth. Mesa (a) formed a 
step - free surface, mesa (b) bunched steps and a hexagonal growth  

Nucleation of dislocations from surfaces and interfaces is an important process in the plastic deformation of the stress 
at the nanoscale materials. Among these nucleating sources defects surfaces have very specific roles, they are present in the 
bulk samples and nanostructures (as nano grains, whiskers and multilayer). The surfaces also play a large role in the plastic 
deformation of thin films [13-15]. For lattice mismatched epitaxial layers, the thin film is subjected to stresses in 
compression or tension and it is widely accepted that there exists a critical thickness beyond which misfit dislocations are 
introduced causing the breakdown of coherence between the substrate and epitaxial layers. This is called misfit stresses [16, 
17]. The critical thickness is defined as the thickness at which the first misfit dislocation nucleates. The energy of the 
system due to the elastic deformation increases as the thickness of the thin film increases [18]. When the stored energy 
becomes greater than the activation energy of a dislocation, it is nucleated from the free surface and slides up the interface 
(Fig.3) [19].  
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They are called epitaxial growth dislocations and adjust the incoherence of crystal lattices. In this context and 
following the failure of all experimental information about the early stages of nucleation (resolution electron microscopy 
limit), we used the theoretical model based on the energy study [18, 24-27] about the behaviour of a dislocation nucleated 
near of a free lateral surface to generalize a pile up of n dislocations issued by the same nucleation method. 

 

Fig.3 – Calculation of the critical thickness for the Co/Cu system by FEM simulation of growth of the film and a 
dislocation.  

2 Interaction between Two Parallel Edge Dislocations  

The first edge dislocation in position (0, 0, z), acting as the source of the stress field “Fig.4”. It has the z-axis as line of 
dislocation. The second edge dislocation may be in a arbitrary position, but parallel to the first. The Burgers vectors of the 
two dislocations are assumed to be equal. We consider the case of the second dislocation being able to glide on a plane 
parallel to the xy-plane, but not to climb. Hence, the force on the second dislocation has to point in the x-direction and, 
according to the Peach and Koehler formula [2] it is produced by the shear stress component xyσ . 

 𝒅𝑭 = |𝒃|[𝝈𝒃 × 𝒅𝒍]   Peach and Koehler formula     (1)       

with 

b : Burgers vector, 

dl : vector element in the direction of the dislocation line, 

σb : stress on the plane normal to the Burgers vector, and on which b points outwards. 

 

Fig.4 – Force between two parallel edge dislocations, under the condition 
that only glide is permitted. (The circles mark stable positions) 
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According to the Peach and Koehler formula, the force on the second dislocation is: 

 �
Fx����⃗ = µ.b1.b2

2.π.(1−ν)
. x.(x²−y²)

(x²+y²)²
ex���⃗

b1 = b
b2= ± b

�        (2) 

� µ =  shear modulus
ν =  Poisson′s ratio = 1/3

� 

 �
Fx = − ∂

∂x
(Wint)

∂2

∂x2
(Wint) = − ∂

∂x
(Fx) = −µ.b1.b2

2.π.(1−ν)
. �− 4x2(x2−y2)

(x2+y2)3
+ 2x2

(x2+y2)2
+ x2−y2

(x2+y2)2
�
�    (3) 

 

An equilibrium situation:  

⎩
⎪
⎨

⎪
⎧

∂
∂x

(Wint) = 0
∂2

∂x2
(Wint) ≥ 0 stable situation

∂2

∂x2
(Wint) ≤ 0 unstable situation

 

� 

For two equal parallel edge dislocations there is a stable situation for glide at x = 0: 

⎩
⎪
⎨

⎪
⎧

𝑥 = 0
𝜕
𝜕𝑥

(𝑊𝑖𝑛𝑡) = 0

𝜕2

𝜕𝑥2
(𝑊𝑖𝑛𝑡) =

−𝜇. 𝑏1. 𝑏2
2.𝜋. (1 − ν) . �

−1
𝑦2
� ≥ 0 

𝑏1 = 𝑏2 = 𝑏

� 

And of two edge dislocations with opposite signs stable situations also exist, but here they appear for|𝑥| = |𝑦| : 

⎩
⎪⎪
⎨

⎪⎪
⎧

x = ±y
∂
∂x

(Wint) = 0

∂2

∂x2
(Wint) =

−µ. b1. b2
4.π. (1 − ν) . �

1
y2
� ≥ 0 

b1 = −b2 = b

� 

The physical reason for the stability of the arrangement of two dislocations placed on top of each other lies in the fact that 
they form part of a possible interface between two crystals, slightly tilted with respect to one another 

 

3 The first nucleated dislocation 

3.1 Stresses and forces acting on the dislocation 

Consider a semi infinite solid delimited by a free surface x = 0 and located on the side negative x. This solid contains a 
buried epitaxial film between y = h and y = -h (Fig.5). Epitaxial stresses are calculated from distributions of dislocations 
interfaces, characterized by Burgers vectors b�⃗ = ±δa����⃗  (+δa in the plane y = h and -δa in the plane y = -h) with a density  dx

a
 , 

“a” is the lattice parameter 

One edge dislocation of Burgers vector (b, 0) is introduced from the free lateral surface (x = 0, y), concerned interface:  

y = h. The sign of b being opposite the sign of  δa. 

We have determined total stress, total force and the total energy of edge dislocation studied 
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Fig.5– The effect of epitaxial shear stress and Image stress illustration 

• The Image stress: 

Modeled as shown in (Fig.5) it is annulling the direct effect of the studied dislocation (x ’, h) at the free surface 
(modeling the attractive force). Using The field of shear stress created by the dislocation located in origin (0,0) at a point 
(x, y) in an infinite space[2; 3] given by : 

 

 

⎩
⎪
⎨

⎪
⎧ τxy = µ.b

2.π.(1−ν)
. x.(x2−y2)

(x2+y2)²
= −∂2

∂x∂y
ψ(x, y)

ψ(x, y) = −D. y. ln�x² + y²  the Airy fonction
D = µ.b

2.π.(1−ν)

�          (4) 

So, we have: 

 σimage = −µ.b
4.π.(1−ν).x

    (5) 

• The epitaxial Stress 

The Epitaxial stress calculation at the dislocation nucleation (x; y) was done by summing of -∞ to 0 the effects of: 

- The direct action of the dislocation distribution at the interface y = +h 

- The direct action of the dislocation distribution at the interface y = -h 

- and respectively, the effect of their images stresses. 

Using the formal calculation code Mathematica, and after simplification it has been demonstrated: 

 

 σxy
epit = µ.b

2.a.π.(1−ν)
. � 4.x2

x2+(y−h)2
− 4.x2

x2+(y+h)2
� (6) 

So for y=h, the total stress one dislocation considered is: 

 σxytot(x, h) = −µ.b
4.π.(1−ν).x

+ 4.µ.b
2.a.π.(1−ν)

. �1 − x2

x2+4.h2
� (7) 

• And The total force 

Is given by the formula Peach and Koehler [2; 3]: 
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⎩
⎪
⎨

⎪
⎧𝑓𝑒𝑝𝚤𝑡��������⃗ +   𝑓𝚤𝑚𝑎𝑔𝑒��������������⃗ =   𝑓𝑡𝑜𝑡��������⃗ = 4.𝜇.𝑏

2.𝜋.(1−ν)
. 𝜖𝑒𝑝𝑖𝑡 �1 − 𝑥2

𝑥2+4.ℎ2
� 𝑒𝑥���⃗ + −𝜇.𝑏2

4.𝜋.(1−ν).𝑥
𝑒𝑥���⃗

�⃗ : 𝑙𝑖𝑛𝑒 𝑣𝑒𝑐𝑡𝑜𝑟
𝜖𝑒𝑝𝑖𝑡 = 𝛿𝑎

𝑎

�     (8) 

3.2 The total force and energy of dislocation acting on the dislocation 

3.2.1 Theoretical calculations 

For a very simple study, reduced coordinates are used: 

 

⎩
⎪⎪
⎨

⎪⎪
⎧𝑋 =

𝑥
2. ℎ

;𝐵 =
𝑏

2. ℎ

𝑘 =
𝜖𝑒𝑝𝑖𝑡

𝐵
< 0

𝐹 =
𝑓. 2.𝜋. (1 − ν)

2.𝜇. ℎ.𝐵²

� 

We get: 

⎩
⎪
⎨

⎪
⎧ 𝐹𝑖𝑚 =

−1
2.𝑋

>0

𝐹𝑒𝑝𝑖𝑡 =
4. 𝑘

𝑋² + 1
<0

𝐹𝑡𝑜𝑡 =
4. 𝑘

𝑋² + 1
−

1
2.𝑋

� 

Then, the total work force when the dislocation moves from x0 to x (x0 radius of the dislocation core), was obtained by: 

 

 �
𝑊(𝑥) = −∫ �𝐹𝑖𝑚(𝑋′) + 𝐹𝑒𝑝𝑖𝑡(𝑋′)� .𝑑𝑋′𝑋

𝑋0

𝑊(𝑋) = 1
2

. 𝐿𝑜𝑔 � 𝑋
𝑋0
� − 4. 𝑘. �𝐴𝑟𝑐𝑡𝑔(𝑋) − 𝐴𝑟𝑐𝑡𝑔(𝑋0)�

�   (9) 

3.2.2 Graphical representation of the energy function 

On the graphs (Fig. 6) are shown respectively the energy for k = -0.7(6.a) and for different values of k (6.b). 

 

Fig.6– energy variation following the variation of the strain epitaxial growth 
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The equilibrium positions are given by: 
 

𝐹𝑡𝑜𝑡(𝑋) =
4. 𝑘

𝑋² + 1
−

1
2.𝑋

= 0 

• For  𝑘 > 𝑘𝑐1 = −1   
4

     no equilibrium position, this is when the thickness h of buried thin film is too low: 

𝑘 =
𝛿𝑎
𝑎

.
𝑏

2. ℎ
>
−1
4

 

• For  𝑘 < 𝑘𝑐1 = −1
4

   there are two equilibrium positions: 

The first is stable:  𝑋𝑠𝑡 = 4. 𝑘 − �16. 𝑘² − 1      And the other unstable:     𝑋𝑖𝑛𝑠𝑡 = 4. 𝑘 + √16. 𝑘²− 1 

3.3 Conclusion 

From the curves of the two graphs, one can deduce: 
  Fig.6.a: the reduced energy graph has a Minimum which represents a stable equilibrium position; therefore we can 

control the nucleation of dislocation to accommodate and to relax the lattice mismatch between a heteroepitaxial thin film 
and its substrate.  An equilibrium position which depends on k, ie which the strain epitaxial growth δa and the thickness h 
of the deposited thin film. 

 
 Fig.6.b: The group of four curves shows and confirmed analytically and theoretically the result noted in the first 

remark:  𝑘 = 𝑘𝑐1 = −1
4

   critical case (∆= 0) from which when  𝑘 > 𝑘𝑐1 = −1   
4

  (green curve) no equilibrium position is 
possible, so we can not relax the lattice mismatch strain by nucleation of dislocation from the free surface. 

 
 For  𝑘𝑐2 = −0.529 𝑘  −1

4
  (blue curve) in the middle shows a position of equilibrium which is metastable and 

outside the material, so impossible to accommodate the incoherence of epitaxial defect. 

 
 For k  𝑘𝑐2 = −0.529   (dashed red curve below), it is the lower limit of the critical area value (the curve is tangent to 

the y = 0), then we will always be in the metastable zone. 

 
 For 𝑘>𝑘𝑐2 = −0.529  , the energy of the stable equilibrium position is negative (W (Xst) < 0) and the equilibrium 

position is stable, that is where the nucleation of dislocation relaxes the lattice mismatch defect. These results can be shown 
through the graph Fig.7 (below) where we summarized the zone of stability and metastability of our dislocation depending 
of  𝛿𝑎

𝑎
  and the film thickness h. 

 

            Fig. 7 – stability area, metastability and field of instability depending on 𝜹𝒂    
𝒂

and the thin film thickness h 



18 JOURNAL OF MATERIALS AND ENGINEERING STRUCTURES 4 (2017) 11–23 

 

4 The pile-up of dislocations 

4.1 Pair of two dislocations (n = 2) 

We now consider a pair of two dislocations nucleated one after the other to relax the misfit strain. Burgers vector (b, 0) 
at the interface y = h and respectively X1 and X2.  

The total force applied to the dislocation number (i): 
 

 𝐹𝑖 = 𝑓𝑖 + 𝑓𝑖𝑛𝑡(𝑗, 𝑖) = 4.𝑘
𝑋𝑖2+1

− 1
2.𝑋𝑖

+ 1
𝑋𝑖−𝑋𝑗

− 1
𝑋𝑖+𝑋𝑗

+ 2.𝑋𝑗 .
𝑋𝑗−𝑋𝑖

�𝑋𝑖+𝑋𝑗�
3 (10) 

 

Fig.8 – introduction of two edge dislocations 

So  :   

 

⎩
⎪
⎨

⎪
⎧𝐹1 = 𝑓1 + 𝑓𝑖𝑛𝑡(2,1) =

4. 𝑘
𝑋1² + 1

−
1

2.𝑋1
+

1
𝑋1 − 𝑋2

−
1

𝑋1 + 𝑋2
+ 2.𝑋2.

𝑋2 − 𝑋1
(𝑋1 + 𝑋2)3

𝐹2 = 𝑓2+𝑓𝑖𝑛𝑡(1,2) =
4. 𝑘

𝑋2² + 1
−

1
2.𝑋2

+
1

𝑋2 − 𝑋1
−

1
𝑋2 + 𝑋1

+ 2.𝑋1.
𝑋1 − 𝑋2

(𝑋2 + 𝑋1)3

� 

    �𝐹1 = 0
𝐹2 = 0

� 

By solving the system:     

 

And using the calculation code Mathematica,by varying k we calculate the equilibrium positions, X1eq and X2eq of the 
two dislocations. We group the calculation results in the following table:"Table1" 

Fig.9: shows in blue and red these X1eq and X2eq equilibrium positions for: "    𝑘<𝑘𝑐2 = −0.4    ". 

The green curve represents the equilibrium position X0eq for a single dislocation of Burgers vector  𝑏�⃗  . For   𝑘 ≥ 𝑘𝑐2     
no equilibrium position and one of the two dislocations "nearest (2)" leaves the material. 

So, this accommodation of misfit strain by a pair of two edge dislocations stops to be possible:  

(kc2 = -0.4) is the critical value from which the equilibrium is not possible, dislocation 2 exits the material and 
circumstances to prevent using a sufficient activation energy dependent on the strain misfit δa and the thickness h of the 
thin film. 
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Fig. 9 – Equilibrium positions X1eq (blue), X2eq (red) and X0eq (green) 

4.2 Generalization to a pile of more than two dislocations  

n = 3 and n = 4 dislocations 

•   Fi : Force no acting on the dislocation number (i)  

 𝐹𝑖�𝑋𝑖 ,𝑋𝑗� = − 1
2.𝑋𝑖

+ 4.𝑘
𝑋𝑖²+1

+ ∑ 1
𝑋𝑖−𝑋𝑗

− 1
𝑋𝑖+𝑋𝑗

+ 2.𝑋𝑗 .
𝑋𝑗−𝑋𝑖

�𝑋𝑖+𝑋𝑗�
3

𝑛
𝑗≠𝑖   (11) 

 

• Fj: Force acting on the dislocation number (j) 

 𝐹𝑗�𝑋𝑖 ,𝑋𝑗� = − 1
2.𝑋𝑗

+ 4.𝑘
𝑋𝑗²+1

+ ∑ 1
𝑋𝑗−𝑋𝑖

− 1
𝑋𝑗+𝑋𝑖

+ 2.𝑋𝑖 .
𝑋𝑖−𝑋𝑗

�𝑋𝑗+𝑋𝑖�
3

𝑛
𝑖≠𝑖    (12) 

Direct calculation of equilibrium positions Xeq becomes impossible. So we used the iterative conjugate gradient 
method:  

• Cases of 3 dislocations 

 

Fig.10 – introduction of 3 edge dislocations 

We have initiated the calculation from the positions: 

�

𝑋01 = −20
𝑋02 = −8
𝑋03 = −2
𝑘0 = −1.2

� 

We group the results obtained in "Table2"  
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  Fig.11 – stable equilibrium positions of the three dislocations 

 With a pile-up of 3 dislocations, we note that the stable Equilibrium stops from critical value of k (kc3 = -0.45). 
Dislocation Number 3, nearest the surface exits the material: Fig. 11. 

• Cases of 4 dislocations 

Always using the conjugate gradient method and for 4 dislocations, we initiated the calculation from the positions: 

 

⎩
⎪
⎨

⎪
⎧
𝑋01 = −40
𝑋02 = −23
𝑋03 = −8
𝑋04 = −2
𝑘0 = −1.3

� 

Results obtained:"Table3" and "Table4" 

As in the case of 3 dislocations, for a pile of 4 dislocations stable equilibrium stops from the critical value of k (kc4 = -
0.55). Dislocation number 4, nearest the surface exits the material: Figure 12. 

 

Fig.12 – Stable equilibrium positions for 4 dislocations 

As was done in the case of 2 dislocations, Fig 13. Illustrates the zones of stability depending on the value of 

 
𝑘 = 𝑓(𝜖𝑒𝑝𝑖𝑡,ℎ)  for a pile-up of 4 dislocations 
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Fig. 13 – graph illustrating the curves   |𝒌| = 𝒇 �𝜹𝒂
𝒂

,𝒉� = 𝑪𝒕𝒆, stability area, metastability and field of instability 

 

Table 1 – X1eq and X2eq by varying k 

k -1 -0.9 -0.8 -0.7 -0.6 -0.5 -0.43 -0.4 -0.38 

X1eq -20.37 -18.21 -16.02 -13.81 -11.54 -9.17 -7.36 -6.49 -5.83 

X2eq -4.76 -4.25 -3.73 -3.19 -2.65 2.06 -1.61 -1.38 -1.21 

X0eq -7.87 -7.06 -6.24 -5.42 -4.58 -3.73 -3.12 -2.85 -2.66 

 

Table 2 – X1eq, X2eq and X3eq by varying k 

k -1.15 -1.10 -1.05 -1.00 -0.95 -0.90 -0.85 -0.80 -0.75 -0.70 -0.65 -0.60 -0.55 -0.50 -0.45 -0.40 

X1eq -23.6 -22.5 -21.5 -20.4 -19.3 -18.2 -17.1 -16.0 -14.9 -13.8 -12.7 -11.5 -10.4 -9.2 -7.9 -6.5 

X2eq -5.5 -5.3 -5.0 -4.8 -4.5 -4.3 -4.0 -3.7 -3.5 -3.2 -2.9 -2.6 -2.4 -2.1 -1.8 -1.4 

 

Table 3 – 4 dislocations: X1eq, X2eq, X3eq and X4eq by varying k 

k -1.15 -1.10 -1.05 -1.00 -0.95 -0.90 -0.85 -0.80 -0.75 -0.70 -0.65 

X1eq -49.20 -47.94 -45.60 -43.25 -40.88 -38.51 -36.11 -33.69 -31.24 -28.75 -26.21 

X2eq -12.96 -12.41 -11.80 -11.19 -10.57 -9.95 -9.32 -8.69 -8.06 -7.41 -6.74 

X3eq -4.09 -3.91 -3.72 -3.52 -3.31 -3.12 -2.91 -2.70 -2.49 -2.27 -2.06 

 

Table 4– X1eq, X2eq, X3eq and X4eq by varying k: Continued results table 4 

k -0.60 -0.55 -0.50 -0.45 -0.40 

X1eq -23.59 -20.83 -17.83 -13.98 -13.09 

X2eq -6.05 -5.33 -4.53 -3.50 -2.85 

X3eq -1.82 -1.57 -1.29 -0.91 −6.6310−11 
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5 General Conclusion  

Following this work, we studied how to introduce a pileup of n dislocations (n = 2; 3; 4...) nucleated from a free lateral 
surface, experimentally observed at the nanometer level. The method used here, is that of the energy model and theoretical 
analytic calculations. The introduction of misfit dislocations is Very important and major operation, because it provides a 
basis for understanding the dislocation processes responsible for plastic deformation of thin films on non deformable 
substrates. We have shown by calculation and through the curves  𝑘 = 𝑓(𝛿𝑎

𝑎
, ℎ)  that we can control and prevent the 

emergence of this pile-up of dislocations taking into consideration the misfit strain  𝜖 = 𝛿𝑎
𝑎

 and the effect of the 
thickness h of the layer, which are two parameters very significant for controlling constantly during development materials 
operations by deposits from thin films. There’s even better and we can always do better, with a more advanced calculation 
again, in order to find other conditions much better about this technique of production of high-performance materials. 

Note that, once again the results of the curves  𝑘 = 𝑓(𝛿𝑎
𝑎

, ℎ) showing the areas of stability and metastability permits us 
to reaffirm the validity of the findings of Van der Merwe and Matthews and Blakeslee. 
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