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Abstract:

In this paper, we present inequalities for the average number of points re-
tained in thinning process generated from ordinary renewal process with distrib-
ution function F' and inequalities for imperfect repair process.The linear bounds
are obtained for thinning process in the case of independent censures.

On the other hand, a numerical illustration is presented.
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1 Introduction

Some stochastic processes are widely studied in the literature of reliability such
as thinning process and imperfect repair process. In the imperfect repair model,
the repaired item is returned to the "as-good-as-new" state with probability p (¢)
and to the imperfect one (a functioning state, but with age equal to its age at
failure) with probability 1 — p (¢). Brown and Proschan (1983) and Block & al.
(1981) provide extensive studies about such models, in particular preservation
and monotonicity properties.

Many applications to system analysis, queueing theory and reliability prob-
lem motivate development of thinning model in which some of the points in the
original process are deleted with probability 1 —p, and retained with probability
p. The preservation properties of such process are studied by Kovats & Mori
(1992). For details about this process, see Aissani (1997), Cox & Isham (1980)
and Kalashnikov (1990).



In this paper, we give in theorem 4 linear bounds for the average number
of points retained in thinning process generated by ordinary renewal process
with distribution function F' for the case of independent censures based on the
classic renewal theory (Barlow & Proschan (1975)). We give additional results
of inequalities similar to the ones established by Ebrahim & Pellerey (1995) for
the uncertainty measure for imperfect repair process.

Finally, we give a calculation example of the upper bounds values for the
renewal function of the H N BUE class in the thinning process for several values
of p such as p €]0,1].

2 Notations and definitions

Let X be a non-negative random variable with cumulative distribution function
F (.), density function f(.), survival function F(.) = 1 — F (.), failure rate

A() = T-F0 and finite mean = F (X).

Definition 1 F is [FR (Increasing Failure Rate) if
A(t) is non decreasing in t, vt > 0.

F is NBUE (New Better than Used in Expectation) if

/F(x)dxguf(t), vt > 0.
t

F is HNBUE (Harmonic New Better than Used in Expectation) if
T —t
/F(a:)dxguexp (), vt > 0.
L
t

The corresponding dual concepts namely DFR, NWUE, HNWUE are defined
by changing the direction of the monotonicity or the inequality as appropriate.
Here, D and W stand decreasing and worse, respectively.

Definition 2 The uncertainty measure of a distribution F is the differential
entropy,

H(f) == [ fla)logs (2)ds = ~E (log f (X)),
0
and is commonly referred to as the Shannon information measure. (see Shan-

non (1948))



Ebrahimi (1995) defined the uncertainty of residual lifetime distribution,
H (f;t), of a component by

1 oo
H(f:t) = 1_F(t)/t F (2)log A () dx.

If the component has survived until time t, H (f;t) measures the expected
uncertainty in the conditional density of Xy = X —t given that X >t about the
predictability of the remaining lifetime of the component.

Definition 3 Let X andY be two random variables with distribution functions
F(.) and G(.), failure rates A\p and Ag and entropies H (f;t) and H (g;t)
respectively.

X is said to be smaller than Y in the distribution order (denoted X <4 Y)
if
F(z)>G(x), Vo € R.
X is said to be smaller than Y in the failure rate order (denoted by X <pgr
Y)if
Ar (z) > A (), Va > 0.

X is said to be smaller than Y in the increasing convex order (denoted by

X< Y or X<,Y)if

—+o0 “+oo
/F(u)dug /6(u)du, Vx> 0.

X is said to have less uncertainty than'Y (denoted X <,y Y ) if

H(f;t) < H(g;t), vt > 0.

Model 1: Thinning process

Let X1, X5, ....be a Bernoulli sequence of mutually independent random vari-
ables and {t;} an ordinary renewal process with probability distribution

F(z)=P {t; —tj—1 <z}, —00 < x < +00 and Vj.

If U denotes the number of successively censored points, then IV, is a renewal
process with probability distribution

By (2) = ip(\p =k) FO () = ip (t-p)" F"*D (@), (3.1
k=0 =0



where F(®) (.) is the k—fold convolution of F with itself.
The mean of this process is

up:E(Xp):g, where p = F(X).

Model 2: Imperfect repair process

Consider that an equipment is put in operation at time ¢ = 0 and every time
a failure occurs it is repaired.

If t is the equipment’s age at failure, then with probability p (¢) , it is restored
to its good as new condition (complete repair) and with probability ¢ (¢t) =
1—p(t), it is restored to its condition just prior to failure (minimal repair).

The intervals between successively perfect repair form an ordinary renewal
process with inter-arrivals distribution

Fy () = 1 —exp —/ p@) F ') dF (2) Y > 0.
0

If F has a failure rate A (¢), then F), has a failure rate A, (t) such as

and

3 Inequalities for thinning processes

Let N,(t) be a thinning point process of independent censures, with parameter
p such that 0 < p < 1, and a distribution function F,(z) given by (3.1).

We denote by H,(t) = E(N,(t)) the average number of successively censored
points, and on the other hand we introduce the following notations

L(b,t) = ui b= B, () — Fy(t) + Fy(b), (3.2)



t —(n A =
Libt) = — +b—bFo () =S F, « FFD (4 S FEW (1), (3.3)
Fop k=1 k=1
. ¢
A _
where F)(t) = — / F,(u)du is the equilibrium (or excess) distribution of
Hp
0

oo

the residual time for thinning process, b is a constant and u, = /Fp(u)du is

0
the average interval between successively censored points.
Also, we define A = {t > 0: F),(t) > 0} and
Fy(t)~ F Fy(t)~ F
t) — t t) — t
bl:infip(l p();bu:supip(l p(). (3.4)

€A F,(t) ien  F()

Theorem 4 (i) For all F),

t A 7
Hy(t) > — — Fy(t), where p, = —
Ky p
(i1) If in addition F,, is NBUE, then
L <mm< L
Hp Hp
(iii) If F, is HNBUE, then
t

Hy(t) < (up) alt), t>0

where « (t) is the solution (for a) of the equation

() ()om (1) o[ () ()72

(t)

where I(;b) denotes the indicator function of the interval (a,b).

() If F, is HNWUE, then

t
(1) > —1, t>0.

mli-ew ()]




(v) For all
Fp7l’n(bl7t) SHp(t) Sln(buat)v ’I’L:O,l,2,...,

where I, (by,t) is increasing in n for t > 0, and I, (by,t) is decreasing.

Also,
H,(t) = lim I,(b,t) for any realb,

n—00

and for by < b < b,, we have

Iy (b,t) < I (b,t), for somet,
Iy (b,t) > I (b,t), for somet.

In particular, the first possible encadrement is

t t
— b < Hy(t) < — + by
Iy Iy

Proof. N,(t) is an ordinary renewal process because it is generated by an
ordinary renewal process, having a distribution function F,(¢) and so Hp(¢)
satisfies the integral renewal equation:

Hy(t) = F,(t) + /Hp(t —wdF,(u), t>0. (3.5)
0

t A
The lower bound in (i) is better than the bound — —1 (because F,(¢) < 1)

Fop
given in the theorem 3.14 Page 171 for Barlow & Proschan [3].

t
First, we prove that — — 1 is well a lower bound of H, (¢).
Hp
Let N,(t) be the number of renewals in the interval (0,¢) for the thinning
process.

o0

Hy(t) = E[N,(0)] = Y F" (1).
n=1
‘We have » "
t< th(t)+1 = le + X2p +...t XI(\/Z;)(t)Jrl'
Thus

Np(t)+1
t< Y x”.
=1



1(p), Xg(p)7 ... ,X](vp)m are independent from the event

{N,(t) + 1}, then using Wald identity, we find:

The random variables X

th[NMﬂ+1]EQ@m)

Thus
H,(t)> — -1, Vt>0. (3.6)

(i) To prove (i), it is sufficient to substitute the last inequality (3.6) in the
renewal equation, and then we find:

(1) > Fp<t>+] =] anw
[,

:i@@_lfw@w

Hp Hp )
¢
t 1
L F w)du
Hp  Hyp
0
t A
L N0
P

(i) We assume that F), is NBUE. Then, by definition we have:

t

hm:é{awmz@@,wza
But
Hyt) = i / Pyt =) dBS™ ()
n=1 O%
=Y [Bot-w ar ™ @) = Hy(0
n=1 0

and hence,

~



From (3.7) and (3.8), we can write the following result:

If F, is NBUE then — — 1< H,(t) < —, Vi >0.
Fp Hop
t A
Using the bound H,(t) > — — F',(t) and substituting it in the renewal
Hp
equation, we find after n iterations:
t n n
>— 4+ ER@5) - p*Fk Dty - F™(t) ,n>0, (3.9)

L =1
where Féo) (t) =1, and the summations are taken to be zero if n = 0.

The sequence of lower bounds defined by (3.9) is monotone non decreasing
in n for any fixed ¢, and converges to Hy(t).

Indeed, from [3]
t)=> FM (). (3.10)
k=

t )\ N
— =Y Fpx FF (). (3.11)
Fp k=1

lim F{"(t) = 0. (3.12)

Consequently, the property holds for n = 1. Assume for some n > 1 that

n n n—1 n—1 A
Z EP(¢) Z p*F(k V() —F"M(t) > F;k)(t)—z FpxFF=D () - F"=1 ().
- k=1 k=1 k=1
A
Convolving both sides of this inequality with F), (t) and adding F),(t) — F,(¢)

to each side gives the desired result.

(i) Use X to represent the random variable exponentially distributed

with the same mean as X, i.e. Fy(z) =1—exp {—x} , > 0.The variable

Hp



A

A —
X, denotes the random variable with distribution F,(x) = — / F, (t)dt.
Hp

By definition, X,, is HNBUE (HNWUE) if and only if X >icr (Sica) Xp-

Let o be any number greater than 1. Hence H,, is non-decreasing and F), is
HNBUE, it follows from (3.7) that, for ¢t > 0,

H, (1) = Zz _ Py at) + 711,, (at —2) dF, (x)
0
= [1 — exp (_p>} + {Hp(at —x) ,lTpeXP <_p>dx,

or

It follows that for any ¢t > 0 :

at > p, {1 — exp (;‘:t)] + 1, Hy(t) [1 — exp <W)] .

Hence

H,(t) < iI;flgp(a) ,t >0,

ot — p, {1 - exp(*u—jt)]

py 1= exp(=2210)]

where g, () =

Elementary calculus shows that the infimum is attained at o = a7 where
a1 = aq(t) is the solution to

at at t
exp|— | —|—]exp|— ) =1
Fp Fp Fp

t

The infimum equals (M) o (t) which is, therefore, an upper bounds of H,(t)
P

for all t > 0.

However, if ¢ > p1,,, a sharper upper bound is obtained as follows:

If t > p, then



at

[ (L) = [ (2)ave i (2)o

0 t
at

. ] (2o (L) 1,00 fexr (2)o

P

= (t —2p,) exp (th) + 1y Hy (1) [exp <Z> T (/jpﬂ .

It follows from (3.13) and the above that

H,(t) < inf hy(a),

where e e (Z;) — (t—2p,) exp (W)
hp(e) = " [1 — exp <_(ap,_1)t>:|

Computations show that, for ¢ > p,,, the function hy(a), a > 1, attains its

t

infimum (
1

p

at at t t t
w2 ()G () =1 mer () G)
1 I 4 i iy
The theorem follows on defining a(t) as aq () or aa(t) according to whether
Ogtguport>,up.

) as(t) at as(t), where oy is the solution of the equation:

(iv) The lower bound according to the case where F), is HNWUE can be
easily improved. It is clear from (3.7) that

t A A A
,LT < Fp(t) + Hp(t)Fp(t) = Fp(t) [1 - Hp(t)]v
P
so that, when F'is HNWUFE,
t

e ()]

(v) We prove that I, (b,t) and I,,(b,,t) provided the best linear lower and
upper bounds which are in a certain sense "best" when n is great and converges
to Hpy(t) as n — oo.

Hy (1) >

10



Note that

s te A

Therefore N
biF(t) < Fp(t) — Fp(t) < by Fp(t).

Convolve with FZS") (t) to get

— A _
bF, « E™(t) < F"T(t) — Fp+ FS(t) < b, Fp + FM(¢).

Now we sum over n to get

by < Hp(t) — — < by,

which proves (v) for n = 0.

Successive iterations in the right-hand side of (3.5) prove (v) for all n.

We prove (v) in a one sense inequality (lower bound), the other inequality
follows in the same way.

Assume that

t _ A
Hy(t) 2 -+ b - WS (1) =3 Fx R V@) + Y EW @), (3.14)
P k=1 k=1

n n
which is true at n order and we prove it at (n+ 1) order. We substitute

(3.14) in (3.5).

To prove that I,, (b;,t) is non-decreasing in n, we see that

A
b < biFy() + Fylt) — Fy(t),
thus
t t — A
In(bi,t) = — 4+ by < — + by — b Fy(t) + Fp(t) — Fp(t) = L1 (b, t).
Pp Kp
Assume for some n > 1 that I,,_1(b;,t) < I,,(b;, ). Convolving both sides of
A
this inequality with F,(t) — F(t) to each side gives I, (b;,t) < I,4+1(by,t).

Hence, we obtain that I,,(b;,t) is non-decreasing in n. In the same way we
prove that I,,(b,,t) is non increasing in n.

11



A
F,(t) — F,(t —
Now, if b < by, then for some ¢, b < p()F(t)p() with F,(t) > 0.
p

A
Therefore, b < bF,(t) + F,(t) — Fp(t), and so Iy(b,t) < I;(b,t).The other
inequality follows in the same way.

The convergence of the sequence of bounds I, for all b follows from the
conditions (3.10), (3.11) and (3.12).

In particular, we have I,,(b;,t) < Hp () < I,,(by,t) or

Remark 5 The constants b; and b, can have other interpretations which are the
lower and upper bounds respectively of the mean residual time of the distribution
F, of the interval between successively censored points of the thinnig process, so
that

and

4 Inequalities for imperfect repair process

Theorem 6 Let {N,(t)} be an imperfect repair process with parameter p(t)
and an underlying distribution F, then

(i) If F is DFR and p(t) is an increasing function, then X, <py X, t.e.
H(fp;t) < H(f;1).

(i1) If p(t) is increasing in t then H(fp;t) — H(f;t) is increasing in t, for
all t > 0.

(111) If Ny (t) is an imperfect repair process with parameter p'(t) and an
underlying distribution F' such as:

(a) p <9, ie p) <p(t), vt >0;

12



(b) p(x)/p' (x) is increasing in x;
(¢) F is DFR;
(d) F <pgr F'.

Then Xp SLU Xp/.

Proof. To prove theorem 6, we need the following result.

Lemma 7 Let X and Y be the lifetimes of two components with survival func-
tions F and G, failure rates \p, A\q and entropies H(f;t) and H(g;t) respec-
tively. If
o Ap(z)
(i)
Ag(m)

s a non-decreasing function in x;
(ii) F is DFR;

(i) X <pp Y.

Then it follows that X <py Y.

e To prove the theorem, we put F' = F), and G = F in the lemma. The
hypothesis (i) of the lemma is verified by assumption.

Ay (2) _ pla)A(@)
" Ar() Az)
tion. Thus, the condition (i) of the lemma follows.

Also

= p(x) is non-decreasing function in by assump-

In the same way, the condition (%ii) of the lemma is verified since 0 < p(x) <
1,Vz and Ap(z) = p(x)A(z); then X, <pp X.

From lemma 7, we get that X, <py X, which proves the part (i) of the
theorem.

e From point (i) of theorem 6, we have X, <py X, i.e. H(fp;t) < H(f;1).
Moreover, X, <pr X since A\,(z) = p(z)A(z) < A(x), YV [ because p(x) < 1].
Therefore,
H'(fp;t) = Ap(t) [LogAp(t) + H(fp;t) — 1]
< () [LogA(t) + H(f;1) — 1) = H'(f31),

which proves the part (%) of theorem 6.

e In the rest, we have just to prove the part (%) of theorem 6.

13



We remark that the condition (i) of the lemma 7 is verified by assumption.

However A\, (z) = p/(z)A(z) < p(x)\(z) = Ap(z) follows from (444)-(a) of
theorem 6. Then X,y <pgr X,. We deduce the condition (#ii) of the lemma 7.

A (®) | p@A)  pla)
Wehave L@~ @ p@)

(11i)-(b) of theorem 6. Then the hypothesis(i) of the lemma 7 is verified.

From the lemma 7, we get X, <py X,/. This completes the proof. m

5 Numerical illustration

is increasing in x,this is hold from

We give the upper bound value of the renewal function of a non parametric
distribution H N BUFE in the case of a thinning process for different values of p
such as p €]0, 1], on the basis of the result (i) of theorem 3.

¢
The upper bound values of H), (t) are given in tablel in the case L < 1and
1

in table2 in the case — > 1.
1

pt

3 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

OI.il 0.019 | 0.039 | 0.059 | 0.079 | 0.099 | 0.118 | 0.138 | 0.158 | 0.177 | 0.196
0.2 0.039 | 0.079 | 0.118 | 0.157 | 0.196 | 0.235 | 0.237 | 0.312 | 0.349 | 0.387
0.3 0.059 | 0.118 | 0.177 | 0.235 | 0.292 | 0.349 | 0.406 | 0.462 | 0.517 | 0.572
0.4 0.079 | 0.158 | 0.235 | 0.311 | 0.387 | 0.462 | 0.536 | 0.609 | 0.681 | 0.753
0.5 0.099 | 0.196 | 0.292 | 0.387 | 0.480 | 0.572 | 0.663 | 0.753 | 0.841 | 0.928
0.6 0.118 | 0.235 | 0.349 | 0.462 | 0.572 | 0.681 | 0.788 | 0.894 | 0.997 | 1.001
0.7 0.138 | 0.273 | 0.406 | 0.536 | 0.663 | 0.788 | 0.911 | 1.032 | 1.1150 | 1.267
0.8 0.157 | 0.311 | 0.462 | 0.609 | 0.752 | 0.893 | 1.032 | 1.167 | 1.301 | 1.432
0.9 0.177 | 0.349 | 0.517 | 0.681 | 0.841 | 0.997 | 1.150 | 1.301 | 1.448 | 1.592
1.0 0.196 | 0.387 | 0.572 | 0.753 | 0.928 | 1.100 | 1.267 | 1.432 | 1.592 | 1.750

Tablel
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p
t 01 | 02 | 03 | 04 | 05 | 06 | 07 | 08 0.9 1.0
o
15 243 | 410 | 563 | 7.14 | 864 | 10.14 | 11.64 | 13.14 | 14.64 | 16.14
20 3.02 | 513 | 7.14 | 9.14 | 11.14 | 13.14 | 15.14 | 17.14 | 19.14 | 21.14
25 357 | 6.14 | 864 | 11.14 | 13.64 | 16.14 | 18.64 | 21.14 | 23.64 | 26.14
30 410 | 7.14 | 10.14 | 13.14 | 16.14 | 19.14 | 22.14 | 24.98 | 28.14 | 31.14
35 1.62 | 814 | 11.64 | 15.14 | 18.64 | 22.14 | 25.64 | 29.14 | 32.64 | 36.14
40 5.13 | 9.14 | 13.14 | 17.14 | 21.14 | 25.07 | 29.14 | 33.14 | 37.14 | 41.14
45 5.637 | 10.14 | 14.73 | 19.14 | 23.64 | 28.14 | 32.14 | 37.14 | 41.64 | 46.14
50 6.14 | 11.14 | 16.14 | 21.14 | 26.14 | 31.14 | 36.14 | 41.14 | 46.64 | 51.14
100 114 | 21.14 | 31.14 | 41.14 | 51.14 | 61.14 | 71.14 | 81.14 | 91.14 | 101.1
200 | 21.14 | 41.14 | 61.14 | 81.14 | 101.1 | 121.1 | 141.1 | 161.1 | 181.14 | 210.1
Table2
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