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Abstract 

The pseudopotential method (PP), based on Density Functional Theory (DFT) using the 
Generalized Gradient Approximation (GGA) was applied to investigate the Fe2(Zr, Nb) 
system within the three Laves phases structures: Cubic C15, Hexagonal C14 and C36. The 
effects of Nb concentration on structural, thermal and stability of the system were studied. 
The lattice parameters and bulk modulus of the three phases were predicted and showed a 
good agreement with the available experimental data. The rigidity of the Fe2Nb was higher 
than the Fe2Zr one for C15, C14 and C36. The energetic phase diagram of the systems was 
also established by determining the heat formation of the different phases. The obtained 
results showed that the Laves phases have close formation energies which suggests that the 
C15, C14 and C36 phases can co-exist at low-temperature. Finally, the temperature effect on 
the structural parameters, thermal expansions, heat capacities and Debye temperatures are 
determined from the non-equilibrium Gibbs functions and discussed accordingly. 
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I. INTRODUCTION 
 Laves phases have Been considered for many 
important and attractive applications, such as 
superconducting materials, giant magneto-strictive materials 
and hydrogen storage materials, because they have excellent 
physical and chemical properties [1-4]. Recently, Laves 
phases have also been investigated for high-temperature 
structural applications due to their high melting point, high 
strength and reasonably good oxidation resistance at elevated 
temperatures [4]. Although several calculation methods have 
been successively applied to predict the stable ground state 
structure of various Laves phases, these calculations are 
always limited to only one structure type at the stoichiometric 
composition, and very often restricted to 0 K [1]. However in 
real systems the stability of Laves phase type is a function of 
temperature and composition and also different Laves phases 
types may coexist in a single system [1]. In order to avoid 
these limitations, the Pseudo-Potential (PP) method is 
applied in the present work to investigate the stability and 
structural properties of Fe2(Zr,Nb) system within the three 
Laves phases structures. In addition, the quasi-harmonic 
Debye model [5], which is added within the framework of the 
PP method, is used to reproduce the temperature effects. 
Thus, the aim of  this work is threefold: (i) testing the validity 
of the quasi-harmonic Debye model using the total energy 
and molar volume set obtained with the (PP) method and 
making it suitable for a large number of solids, (ii) 
highlighting the stability of  Fe2(Zr,Nb) Laves system, and 
(iii) giving structural and vibrational properties of this phases 
since there is a lack in experimental data . 

II. COMPUTATIONAL METHODS  
 Ab initio calculations 

All calculations in this study were done using the 
density functional theory (DFT) using pseudopotential 
method as implemented in the pseudo-potential plane wave 
self-consistent field package Quantum Espresso [6]. The 
many-body problem of interacting electrons and nuclei was 
mapped to a series of one-electron equations, the so-called 
Kohn-Sham (KS) equations [7-8]. The generalized gradient 
approximation (GGA) of Perdew et al. (PBE) to the local 
density approximation was taken to include the exchange-
correlation energy [9] and ultrasoft pseudopotentials of 
Vanderbilt were used [10]. A well converged value of the cut-
off energy and the k-point mesh over the Brillouin zone were 
considered. All structures were allowed to fully relax using 
Broyden-Fletcher-Goldforb-Shanno (BFGS) scheme [11] 
until the total energy has converged to less than 10-5 eV/atom. 
The maximum force has converged to lower than 0.004 eV/Å.  

 Thermal properties within the Quasi-harmonic 
Debye model 

In order to take into account the temperature effects, 
the quasi-harmonic Debye model has been applied [5]. 
Accordingly, the non-equilibrium Gibbs function G* (V, T, 
P) takes the following formulation: 

( ) ( ) ( )θ(V)T,A+pV+VE=pT,V;G vib
*                 (1) 

where θ(V) is the Debye temperature, and the vibrational 
term vibA   can be expressed as:  
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Where ( )TθD /  represents the Debye integral, n is the 
number of atoms per formula unit, k is the Boltzmann 
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constant and T is absolute temperature. The non-equilibrium 
Gibbs function G*(V, P, T) as a function of V, P and T can 
be minimized with respect to volume V:                             
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∂                             (3) 

By solving Eq.(3), we get the associated thermal properties 
for different temperatures and pressures.  

III.  RESULTS AND DISCUSSION 
In order to determine the static structural parameters at 

0 K, a set of total energy versus total volume calculations was 
carried out for the Fe2Nb and Fe2Zr compounds in C15, C14 
and C36. The corresponding values were fitted with the 
universal Birch-Murnaghan equation of state [12]. The lattice 
parameters, (c/a) ratios, Bulk Modulii, as well as the heats of 
formation of the studied compounds are presented in Tables 
1, and when available, some experimental and theoretical 
data are given. 

TABLE I: STRUCTURAL PROPERTIES of Fe2Nb AND Fe2Zr 
COMPOUNDS 

Phases Structure a (Bohr) c/a 
B 

(Gpa) 
ΔHf 

Fe2Nb 

C14 
9.14 

Exp 9.1113, 14  

1.627 

1.633 

153 

/ 

-0.11(7) 

/ 

C15 12.90 / 166.1 -0.11(1) 

C36 9.13 3.262 159.2 -0.11(2) 

Fe2Zr 

C14 9.45 1.629 143.6 -0.27(0) 

C15 

13.34 

Theo 13.2515 

Exp13.3113, 14 

/ 139.5 -0.28(8) 

C36 
9.44 

Exp 9.3613,14 

3.262 

3.256 
141.3 -0.276(7) 

 
From this TABLE I, the predicted lattice parameters 

of the C14-Fe2Nb, C15-Fe2Zr and the C36-Fe2Zr are very 
consistent with those measured experimentally by X-ray 
diffraction [13,14] as well as with those calculated from 
theoretical methods [15] (FP-LAPW). However, according to 
our knowledge, there have been no available experimental 
values of the bulk modulii of the named compounds. But 
considering our results, we remark that Fe2Zr is less 
compressible than Fe2Nb on the same kind of structure.  

The groundstate of each compound, was determined 
from the evaluation of the formation energies. The formation 
energy is calculated as the difference between the Laves 
phase total energy and the sum of the total energy of the 
constituents in their corresponding ground state structure 
(bcc-Fe, hcp-Zr and bcc-Nb). For each structure (C14, C15 
and C36), the last collumn in Table I, lists the formation 
energies of the two studied compounds. As a first remark, the 
obtained values are always negatives, showing that the 
formation of the C14, C15 or C36 phases is favored 
compared to the phase separation. Moreover, the C15 
structure is the most stable for the Fe2Zr compound, while it 
is difficult to predict from our results (At 0 K), which of the 
three Laves structures is the most stable for the Fe2Nb one,  
because the heats of formation values are very closes. This 

small variation is related to the close relation between the 
structures of the three Laves phase polytypes, which results 
in very similar nearest neighbor geometries [4]. This is in 
good agreement with farmer calculations of the structural 
energies, by various pseudo potential or model potential 
calculations and e.m.f measurements [4]. Therefore, the 
stability of a particular crystal structure type depends 
sensitively on temperature, composition (deviation from 
stoichiometry or presence of impurities) and also different 
Laves phase types may coexist in a single system.  

Using a given set of total energy versus molar volume 
values, E(V), and a numerical EOS, the thermal properties of 
Fe2Nb and Fe2Zr within the three laves phases structures 
were obtained. As a first remark, the lattice parameters and 
bulk modulii obtained with a numerical EOS, at T= 0 K 
(static case), for the three Laves Structures are in fairly good 
agreement with the murnaghan EOS and the available 
experimental and theoretical results (see Table.1).  
The effects of temperature on the volume and Bulk modulii 
of each compound are shown in fig.1 (a) and (b) respectively 
 

 
 

 
 
 
 
 
 
 
 
 

 
 
 
 
 

 
 
 
 
 

Fig. 1. Temperature effects on the a) Volume and b) Bulk modulii of 
Fe2Zr and Fe2Nb Laves Phases 

 
As shown in the Figure I, The volume of Fe2Nb and 

Fe2Zr within the different structures increases with 
increasing temperature but the rate of increase is more 
important in the case of C36 structure of the First compound, 
whereas, the effect of temperature on the C14-Fe2Nb 
compound volume are very moderate. In terms of bulk 
modulus, the unique remark is that the C14-Fe2Nb compound 
is insensitive to the temperature variations, as its value at 
1000 K is still about 154 Gpa.  

Another vibrational property is the heat capacity. The 
Figure 2, shows the evolution of this parameter with 
temperature of the two compounds Fe2Nb and Fe2Zr, within 
the three Laves phases structures. 
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Fig.2 Heat capacity variation with temperature of Fe2Nb and Fe2Zr 

Laves phases. 
 

We remark that, the evolution is similar for the different 
alloys. It follows the Debye model at low temperature (0-300 
K) (CV(T) ~ T3) and the classical behavior (CV(T) ~ 3R For 
mono-atomic solids) is found at sufficient high temperatures; 
obeying Dulong and petit’s Rule. The specific heat capacity 
of the different materials at sufficient high temperature does 
not depend much on temperature and tends to approach 75 J 
mol-1 K-1. 

IV. CONCLUSION 
The pseudopotential DFT method as well as the Debye 

model is used to give new insights on structural and thermal 
properties of three Laves phases of Fe-Nb-Zr system. The 
main results can be summarized as follows:  

• The calculated lattice parameters and bulk modulus of 
Fe2Zr and Fe2Nb are in good agreement with available 
experimental data. 

• Fe2Zr is less compressible than Fe2Nb on the same 
kind of structure.  

• The calculated heats of formations  show that the Fe-
Zr-Nb system favors binary Fe2Zr and Fe2Nb 
compounds formation over phase separation. In 
addition, it is difficult (At 0 K) to predict, which of the 
three Laves structures is the most stable for a given 
compound, because the heats of formation values are 
very closes.  

• The use of the quasi-harmonic Debye model was 
successfully applied to determine the thermal 
properties of the Fe2Nb and Fe2Zr Laves phases in the 
0-1000 K temperature range. Significant differences 
in properties are obtained Above 300 K.   

• The C14-Fe2Nb compound is insensitive to the 
temperature variations.  

Finally, the approach presented here  is a promising 
alternative for the determination of several properties in 
complex structures that are difficult and/or costly to obtain 
from experiments. 
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